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1. Equations of motion

The equations of the satellite’s attitude motion under the influence of
gravitational and gyrostatic torques in a circular orbit take the form:

AD+(C—B)qr—3w§(C_ B)ay,a,; + H—3q_|:| r=0,
Bg + (A—C)rp—3w;(A-C)aga, + H,r —H,p=0, (1)
Cr + (B - A) pq—3w; (B - A)aya, + H,p—H,q=0;

P= ';”a31+‘9005§9+(00 2 = P+ @yay,
q=wa, — 95'”@"‘”0 2 =0 + @y, (2)
F=yay, + @+ wydy,; =T + wyd,,.

Here A, B, C; are the principal central moments of inertia of the satellite; p, g, r
— are the projections of the satellite’s angular velocity in the axes Ox, Oy, Oz;
¥, & and @ - arethe Euler angles ; a;; - the direction cosines of the axis
Ox, Oy, Oz in the orbital reference frame, H —A,/w,, H,=H,/®, H,=H,/a,;
are the projections of the vector gyrostatic moment at the body reference
frame. @, — is the angular velocity of the satellite in the circular orbit.



2. Equilibrium orientations

Putting in (1) and (2) ¥ =¥,, $=48,, ¢ = @,, (are constants) we get
the stationeries equations:

(C - B)(azzazs - 38.328.33) — Hza13 + H3a12 =0,
(A— C)(azsaz1 - 38338.31) — H3a11 + Hla13 =0, )
(B — A)(a21a22 - 3a31a32) — H1a12 + H2a11 =0,

or equivalent system
Aa21a3l + Bazzaez + Cazsass =0,

3(Aa,a; + Ba,a;, + Caj,ay;) + (Hya,, + H,a,, + Hyay,) =0,
(Aa11a21 + Balzazz + Ca13a23) - (H1a21 + Hzazz + H3a23) =0,
with orthogonal conditions
a121 + a122 + a123 =1, ayay +a,a,, +a,3,; = 0,
a221 + a222 + a223 =1 Q185 + 8,85 + 3853 = 0, (5)

a(?l + a§2 + 33?3 =1,y +8yay +ay3a;, =0
the system of equations (4), (5) determine all equilibrium orientations of
a satellite when A, B. C, H,, H,, H; are given.

(4)



In the general case A=B=C, h #0, h, #0, h, #0. After the introduction of

the dimensionless parameters H H H B—A
the system (4), takes the form: h = B_lc = B_ZC = B —3C VB¢
—(vaya,, +ay,a,;) + (hay, +ha,, +ha,;) =0,
Vay 8y + 8,385, =0, (6)
vaydy + 85,8, — (ha, +ha, +ha,)=0.
The system (5), (6) can be solved for the variables
dqq, Aip, A3, Ay, Ayy, Ay In the following form:
a, = —4a;,8;, | a,, = 4vay, —(L-v)azla, |
hla'Sl + h2a32 + h3a'33 hlaGl + h2a32 + h3a'33
a, = 41 -v)aza, a. — —4(vay, +2a5,)a,
* hay +hag, +hay,’ “ hay +ha, +hay,’ (7)
a, = dvaya, | a, = 4[(L-v)ag, +a5]a, _
hla31 + h2a32 + h3a33 hla31 + h28‘32 + h3a33



Substituting solutions (7) in (6), we obtain the system of algebraic
equations from 3 unknowns a,, 85,, 83, Or from Groebner basis (5), (6)

16[832261:3 +(1- V)2a323a321 T V2a321a322] = (hay +h,a,, + h3a33)2(a§1 T a“.?z T a§3)1 (8)
dv(1-v)aza,a, +[ha,a, —h,(1-v)agza, —hvaga,](ha, +hag, +hag) =0,
a321 T a322 T a’323 =1

Let us introduce the values X = ﬁ, y = &. Then we will have 2 equations:

A3 A3

a,y° +ay+a, =0,

9
by +by’ +b,y’* +by+b, =0. ©)

Here 8 =h,(h —vh;x),
a, =hh +[4@A-v)+h —@Q-v)h —vhZ]x—vhhx?,
a, =—1—-v)h,(hx+h))x,
b, = hZ,
b, = 2h,(hx+h,),
b, = (h} + hi —16) + 2hh,x + (h? + hZ —16v*)x?,
b, = 2h, (hx +h,) L+ x?),
b, = (hx+h)*@+x*) —16(1—v)*x°.



Resultant of equations (9) has the form of the 12-th order algebraic
equation:
P X + P XM + P, X + puX° + p,X° 4+ pX” + pX° + (10)
+ p7X5 + p8X4 + p9X3 + plox2 + P X+ P, =0,
Where the coefficients p, = p;(h, h,, h;,v) have the form:
po = -h'hyv®,
p, = 2hh%/° [th -hy(v-1)- 21/(h32 +2v — 2)]
p, = -h’hiv* {th +hy (v —1)2 -h; (v —1)[16(1/3 —V? ) +(v-1)+h; (1- 71/)] +
+h?| (=25 + 26v —1) + b (v* ~16v +1)+ 3 (v ~8v +7) |+
+20%| 31 +8(v-1)" - 4hf (2v* = Tv +5) [,
ps = 2 1,y {217 + b (<18v? +14v —1) + 202 (v* — 6v +1)+ 7 (v ~5v + 4) |+
+h? [—h; (v —1)2 (2v-1)+h;(v —l)v[h32 (1-4v)+ (161/3 ~16v* +v —l)] +
#20°[ i +8(v 1) (4v ~5) + 20 (7110 + a7 |-
—h? h4(v 2)(v=1)" +hZ (v -1)| (16v° ~16v" +v —1)+ h: (3v* —13v +3)} +
)

+2v (v -1 (51/ 1)+h4(v —6v+1)+h2(18v —531? +38y — B)H}




3. Analysis of equilibrium orientations

The numerical calculations it is possible to provide for the case
B>A>C (O<v<]).

For the limiting parameters values v =0 and v =1, it is possible to define
analytically a boundary of regions with the equal number of equilibria.

In the case v =0 (A=B) the boundary has the form:
h12 + h22 _ (42/3 . h32/3)3, (11)
Y = (1R

In the case v=1(A=C) the boundary has the form:
h22/3 + (hlZ + h32)1/3 :42/3’
h2® + (h’ +h2)Y° =1.

(12)



3. Analytical results- axisymmetrical cases

v=0 (A=B) (11) v=1(A=C) (12)
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4. Numerical results (Central part)
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4. Numerical results
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4. Numerical results

Regions of
equilibria 24/20 20/16 16/12 12/8

\"
0,01 h,=0,990 h,=0,999 h,=3,959 hy=4,0

0,1 h,=0,900 h,=1,021 h,=3,610 hy=4,0
0,2 h,=0,800 h,=1,048 h,=3,264 hy=4,0
0,3 h,=0,700 h,=1,082 h,=2,950 h,=4,0
0,4 h,=0,600 h,=1,124 h,=2,669 hy=4,0
0,5 h,=0,500 h,=1,182 h,=2,412 h,=4,0

0,6 h4=0,400 h,=1,186 h,=2,167 h,=4,0



4. Numerical results
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5. Stability analysis of equilibria

Let us use the Hamiltonian of (1), (2) as Lyapunov’s function in order to
obtain the sufficient conditions of stability

1, _ _ 1
E(Ap2 +Bg° +Cr?)+ E(B ~C)af{3[A-v)a’, +aZ]+ (13)
+(vas, +az) - 2(ha, +ha,, +ha,)}=const.

Let us present angles v =y, +v, $=9% +94, p=¢,+o, then,
Hamiltonian (1) can be presented in the form:

1 _ _ 1 _ — _
E(Ap2 +Bg° +Cr?) +§(B —C)a)(f(ﬁ\/,l/,t//2 + A, 9% + Awgo2 + (14)

+2A 79 +2A, W + 2A, 9P) + T = const.



5. Stability analysis of equilibria

Where: A\,,,/, = V(a121 - 8.221) + (a123 - a223) +ha,, +ha,, +hay,
A,, = (3+cos’y,)(L-vsin® ¢,)cos24, —

_%vsin 2y, €08 Y, sin 2¢, + (h sin g, + h, cos¢,)cosy, cos.§, + h.a,,, (15)

A, =VI(@;, —a;) —3(a;, —as,)] + ha,, +h,a,,,

AW = —%sin 2w,sin 29, +v(a,,a,, + a,,a,) —siny,(ha,, +h,a,, + ha,,),
A = V(s +5,8,) —hay, +hay,

A, = —%vsin 29,8In 2¢, +v(a,,COS @, + a,,)a,; — (h, cosg, —h,sing,)a,,.

It follows form the Lyapunov’s theorem that the equilibrium solution is stable
If the quadratic form (14), (15) for this solution is positive definite i.e. the
following inequalities take place:

A\W/ >0,
Ay Pog — (A\us)z >0, (16)
Ay PogPyy + 2R, R, Ay, — A//V/(A'g(o)z B ASS(AV(D)Z B A(p(o(AVS)Z >0.



6. Numerical results of the stability of
equilibria
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6. Numerical results of the stability of
equilibria
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6. Numerical results of the stability of
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/. Conclution

Numerical-analytical method for the determination of the
equilibrium orientations in the gyrostat satellite is
proposed in general case A=B=C, h #0, h,#0, h, #0.

Evolution of domains in the space of parameters which
correspond to various numbers of equilibria are carried
out in detall

Relationship with axisymmetrical cases of satellite
gyrostat is considered.

It is shown that the number of equilibria of the gyrostat
satellite in general case not be less than 8 and not more
than 24

It Is shown that the number of stable equilibria of the
gyrostat satellite in general case changes from 4 to 2
with the increasing the absolute value of gyrostatic
toraue.



8. References

1. Sarychev V. A. V. A.: Problems of Orientation of Satellites, Itogi Nauki i
Tekhniki. Ser. Space Research, vol. 11. VINITI, Moscow (1978)

2. Sarychev V. A., Gutnik S. A. Relative equilibria of a gyrostat satellite.
Cosmic Research, 1984, Vol.22, No.3, P.257-260.

3. Sarychev V.A., Mirer S.A. Relative equilibria of a gyrostat satellite with
internal angular momentum along a principal axis. Acta Austronautica. 2001,
V.49, Ne 11, P.641-644

4. Sarychev V.A., Mirer S.A., Degtyarev, A. A.: The dynamics of a satellite
gyrostat with a single nonzero component of the vector of gyrostatic
moment. Cosmic Research 43, 268-279 (2005)

5. Sarychev V.A. Dynamics of an axisymmetric gyrostat satellite under the
action of gravitational moment. Cosmic Research. 2010. V.48. Ne2. P.188-
193.

6. Sarychev V. A., Gutnik S. A. Dynamics of an axisymmetric gyrostat
satellite. Investigation of equilibria and their stability. Keldysh Institute
Preprints. 11, (2011)

7. Sarychev V.A., Gutnik S.A., Silva A., Santos L. Dynamics of gyrostat
satellite subject to gravitational torque. Investigation of equilibria. Keldysh
Institute Preprints. 63, (2012)



Annex. Numerical results v=0.01
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Numerical results v=0.01
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Numerical results v=0.01
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Numerical results v=0.1
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Numerical results v=0.1
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Numerical results v=0.2
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Numerical results v=0.2
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Numerical results v=0.5
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Numerical results v=0.8
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Numerical results v=0.8
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Numerical results v=0.9
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Numerical results v=0.9
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Numerical results v=0.99
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Numerical results v=0.99
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Numerical results v=1.0
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Fig. 52. v=1.0, hs=0.005 Fig. 53.v=1.0, hs=05
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Fig. 55. v=1.0,h;=1.0

Fig. 54. v=1.0, h;=0.01



