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* The Scal a Al gebra System
* Categorical view of conputer al gebra
* Bounded pol ynor phi sm

* Type cl asses



The Scal a Al gebra System ( SCAS) 3/ 31

* polynomal arithnmetic over various base rings (iInteger,
rational, conplex, nodul ar)

* rational and al gebraic functions
* ring nodul es/ al gebr as
* pol ynom al GCD

* (x Obner bases
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* type-safe
* generic
* mat hemati cal synt ax

* efficient ?



M | est ones

*

2003 :

2004

2007

2008 :

2012 :

2013 :

j scl-meditor
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j scl was chosen as synbolic engi ne of GeoCGebra

encounter with JAS and paranetric pol ynorphi sm

(Java 2.5)

port to Scala -> ScAS

ScAS 2.0 (type cl asses)

scripting support

In Scala 2.11
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l.arithnetic operations between el enents are restricted
based on their domain

2. domai ns nmust support abstraction by neans of categories
3.categories nmust support nultiple inheritance

4. (optional) categories nay support default definition of
oper ati ons



Cat egorical view of computer al gebra 7/ 31

* Axi om [ Davenport: 1992]

* Gauss [ G unt z: 1994]
* JAS [ Kredel : 2006]
* DoCon [ Mechvel i ani: 2001]

* Mat hemagi x [ VanDer Hoeven: 2002]



Bounded pol ynor phi sm 8/ 31

trait Ring[T << Ring.Elenent[T]] {
def zero: T

}
obj ect R ng {
trait Element[T <; Elenment[T]] {
val factory: Ring[T]
def +(that: T): T
def unary -: T



obj ect Bi gl nteger extends Ring[Biglnteger] {
def apply(i: Int): Biglnteger =
appl y(j ava. mat h. Bi gl nt eger. val ue (1))
def apply(val ue: java.math. Bi glnteger) =
new Bi gl nt eger (val ue)
def zero = appl y(0)
}
cl ass Bi gl nteger(val val ue: java.nath. Bi gl nteger)
extends Ring. El enent[ Bi gl nteger] {
val factory = Biglnteger
def +(that: Biglnteger) = factory(
t hi s. val ue. add(t hat. val ue))
def unary - = factory(val ue. negate())
override def toString = value.toString
}
Bi gl nteger(1) + Biglnteger(1)
[ 2
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class Polynomal[C <: Ring.Element[C]](val ring: R ng[(,
val variable: String) extends R ng]
Pol ynom al . El enent[ (] ] {
def generator = new Polynom al.Elenent(...)(this)
}
obj ect Pol ynom al {
def apply[C < Ring.Elenment[C]](ring: R ng[ (],
variable: String) = new Pol ynom al (ring, vari able)
class Elenent[C <: R ng.Elenent[(C]](val value: Repr[(])(
val factory: Polynomal[(C]) extends Ring. El enent|

El ement [ (] ]
}
val r = Polynom al (Bi gl nteger, "x")
val X = r.generator
X + X

[ 2*X



Basi ¢ Types : Bi gl nteger

<<interface>>
Ring.Elsr\nent[T <: Ring.Bement[T]] |

>

7. X

|
<<realize>> :
|

<<interface>>
Ring[T <: Ring.Hement[T]]

AN

. |
<<realize>> |

Biginteger

Biginteger
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Basi ¢ Types : Biglnteger, Polynom al 12/ 31

<<interface>> <<interface>>
Ring.EI%r\nent[T <: Ring.Hement[T]] <~ > Ring[T <: Ring.Hement[T]]
e JAN JAN JAN

|

1 . 1
| <<realize>> |
| |

Biginteger t Biginteger

|
<<realize>> :
|

<<realize>>

|
|
|
|
|
|
|
|
<<realize>> :
|
1

Polynomial.Eement[C <: Ring.EIement[C]]4C ; Polynomial[C <: Ring.Hement[C]]
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trait Ring[T] { outer =>
def zero: T
def plus(x: T, y: T): T
Inmplicit def nkOps(value: T): Ring. Qos[T] = new Ring. Ops[T] {
val | hs = val ue
val factory = outer

}
object R ng {
trait Extralnmplicits {
inplicit def infixRingOQos[T: Ring](lhs: T) =
inplicitly[Ring[T]].nkOQps(I hs)
}

trait Ops[T] {
val lhs: T
val factory: R ng[T]
def +(rhs: T) = factory.plus(lhs, rhs)
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type Bi gl nteger = java. math. Bi gl nt eger
obj ect Bi gl nteger extends Ring[Biglnteger] {
def apply(i: Int) = java.nmath. Bi glnteger.val ued (i)
def zero = apply(0)
def plus(x: Biglnteger, y: Biglnteger) = x.add(y)
}
trait Extralnplicits {
Inplicit val ZZ = Bi gl nteger
}
object Inplicits extends Extralnplicits
wth Ring.Extralnmplicits

| nport Inplicits.{ZZ, infixR ngQps}
Bi gl nteger(1l) + Biglnteger(1l)
Il 2
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class Polynomal[C. R ng](val variable: String)
extends Ring[Repr[C]] {

val ring = inplicitly[R ng[ C]]

def generator: Repr[C] = ...
}
obj ect Pol ynom al {

def apply[C R ng](variable: String) =

new Pol ynom al (vari abl e)

}

| nport Inplicits.{ZZ, infixR ngQps}

inplicit val r = Polynom al [ Bi gl nteger] ("x")
val X = r.generator

X + X

[l 2*X
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< <interface>>
Ring[T]
/\

|
<<realize>> :

1
java.math::Biginteger Biginteger




Basi ¢ Types : Bi gl nteger,

java.math::Biginteger

Repr[C]

Pol ynom al

< <interface>>
Ring[T]

A

|
<<realize>> :

Biginteger

<<realize>>

Polynomial[C: Ring]
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Cat egory hierarchy of ScAS

Equiv / Ordering

-
T 7T

SemiGroup

AbelianGroup

Monoid

?T‘X

T

Module

T T T 7
NotQuiteGroup Ring AlgebraOverRing
T 7 T7T T
Group StarRing UFD Algebra VectorSpace
JAN

T

T

EuclideanDomain

BooleanAlgebra

<<view> >
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Type cl asses . pros 19/ 31

* avoi d the dependent type problem: type system makes
no distinction between types of elenents from
e.g. Modl nteger(2) and Modl nteger(3) but only one
inmplicit value is allowed for the associ ated donai n

* reuse of existing types : allows unboxed primtive
types => generic nuneric-synbolic I nplenentations

* makes donai n subcl assi ng easi er
Sol vabl ePol ynom al <: Pol ynom al

Real Al gebrai cNunber <: Al gebrai cNunber
Pol ynom al Wt hSubresGCD <: Pol ynom al



Type cl asses . cons 20/ 31
* does not play well wth coercions

Biglnteger(1l) + 1 => Biglnteger(l) + Biglnteger(1l)
X + 1 => X + r(1)

* Need an 1dea to solve this



Hybrid abstraction schene 21/ 31

obj ect R ng {
trait Extralnplicits {
inplicit def IinfixRngQos[T: Rng](lhs: T) =
inplicitly[Rng[T]].nkQos(I hs)
}

trait Ops[T] {
val lhs: T
val factory: Ring[T]
def +(rhs: T) = factory.plus(lhs, rhs)

}



Hybrid abstraction schene 21/ 31

obj ect R ng {
trait Extralnplicits {
inplicit def IinfixRngQos[T: Rng](lhs: T) =
inplicitly[Rng[T]].nkQos(I hs)
}

trait Ops[T] {
val lhs: T
val factory: Ring[T]
def +(rhs: T) = factory.plus(lhs, rhs)

}
trait Element[T <: Elenent[T]] extends Ops[T] {
this: T =>
val Il hs = this
}

}



Hybri d abstraction schene

java.math::Biginteger

Repr[C]

< <interface>>
Ring[T]

A

|
<<realize>> :

Biginteger

<<realize>>

Polynomial[C: Ring]
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Hybri d abstraction schene

<<interface>> |

<<interface>>

Ring.Hement[T]

java.math::Biginteger

A

<<realize>>

<<realize>>

Biginteger

<<realize>>

5n

Polynomial.Bement[C] |

Polynomial[C: Rin
> Polynomiallc: Ring]
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Type classes i n conmputer al gebra 23/ 31
* Introduced in Haskell [Aiveira:2010]

* first nmentionned as possible abstractions for
conput er al gebra structures [Wber:1993] [ Santas: 1995]

* DoCon : actually uses them

* Scala : a code exanple in the | anguage docunentati on
explicitly involves abstract al gebraic constructs

* Mat hemagi X uses a concept of categories that is
conpletely equivalent to type cl asses



DoCon : conputer algebra in Haskell

class CommutativeRi ng a => GCDRIing a where
gcd : a ->a -> a
canAssoc : a -> a

| nstance GCDRI ng | nteger where
canAssoc n = if n <0 then -n else n
gcd n O =n
gcd n m=gcd m(nod n m

data Fraction a = a :/ a ...
| nstance GCDRI ng a =>
Addi tiveSem group (Fraction a) where
(x =/ y) +(x* [ y") =
usual way to sum fractions

| nstance GCDRing a => Field (Fraction a) where ...

24/ 31
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abstract class Sem G oup| Al {
def add(x: A y: A: A

}

abstract class Mnoi d[ A] extends Sem G oup[ Al {
def unit: A

}

object InplicitTest extends App {

inplicit object StringMinoid extends Monoid[ String] {
def add(x: String, y: String): String = x concat y
def unit: String = ""

}

inmplicit object IntMnoid extends Mmnoid[Int] {
def add(x: Int, y: Int): Int = x + vy
def unit: Int =0

}

def sunfA](xs: List[Al)(inplicit m ©Mnoid[A): A=
I f (xs.isEnmpty) munit
el se m add(xs. head, sun(xs.tail))

println(sum(List(1, 2, 3))) // 6
println(sumList("a", "b", "c"))) // abc
}

http://docs.scala-lang.org/tutorials/tour/inplicit-
paraneters. htn



Categories in the Scala standard |ibrary 26/ 31

Equiv
JAN

PartialOrdering
JAN

Ordering
/N

Numeric

/N N

Integral Fractional




Categories in Spire

SemiGroup AdditiveSemiGroup MultiplicativeSemiGroup
AN VANIEVANRWAN AN
Monoid AdditjveManoid MultiplicativeMonoid
JAN JAN ANRVANRERVAN
Group AdditiveGroup SemiRing MultiplicativeGroup
AN Aﬁ AN Zﬁ AN ZE AN

AbGroup || RightModule

Module AdditiveA

bGroup

Multiplicative AbGroup

JANIIVAN ﬁk JAN
VectorSpace Rng Rig
JAN JAN JANIERVAN JAN
NormedVectorSpace RingAlgebra Ring Eq
AN AN VANEERVAN AN AN
InnerProductSpace FieldAlgebra | | ZAlgebra EuclideanRing Order
JAN Aﬁ JAN
Field Integral
VANIERVAN ﬂk
Numeric || Fractional
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Operati on 28/ 31

7

i nfi xR ngOps( ) (

optimzed away by Spire nmacro

ZZ.mkOps() .+ ()

ZZ.plus (= "y specialized ; inlined by JIT




Spire i s Fast

scala spire nspec spire direct
gcd 38.9 36.9 30.1 29.9
mean 19.3 13.4 10.6 10.5

http://typel evel . org/ bl og/ 2013/ 07/ 07/ generi c- nuneri c-

progranmm ng. ht n
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ScAS :

n
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Modinteger Modint
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Thank you !

http://github.conmrjolly/scas



