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Linear Program

» Introduce a and b that define how much ale and
beer to produce.

» Choose the variables in such a way that the
(profit) is maximized.

» Make sure that no
violated.

(due to limited supply) are

max 13a + 23b
s.t. 5a + 15b <480
4a + 4b <160
35a + 20b <1190
a,b >0
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Standard Form LPs Brewery Problem

LP in standard form: Linear Program

» Introduce variables a and b that define how much ale and
beer to produce.

» Choose the variables in such a way that the objective
function (profit) is maximized.

» Make sure that no constraints (due to limited supply) are

violated.
max 13a + 23b
s.t. 5a + 15b <480
4a + 4b <160
35a + 20b <1190
a,b >0
.
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Standard Form LPs

Original LP
max 13a + 23b
s.t. 5a + 15b <480
4a + 4b <160
35a + 20b <1190
a,b >0

Standard Form LPs

LP in standard form:
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Standard Form LPs

Original LP

Standard Form

max 13a + 23b
s.t. 5a + 15b <480
4a + 4b <160
35a + 20b <1190
a,b >0

Add a slack variable to every constraint.

max 13a
s.t. 5a
4a

35a

a

+

+
+
+

23b

15b + s

4b + su
20b

b , s , sp

J’_

’

=480

=160
Sm = 1190
Sm =0
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Standard Form LPs

LP in standard form:
» input: numbers a;j, ¢j, b;
» output: humbers x;
» n = #decision variables, m = #constraints

» maximize linear objective function subject to linear
(in)equalities

n
max chxj
-1 max clx
n
) s.t. Ax =
2a5Ca = <1<
st D aijXj bi l<i<m Y =
Jj=1
xj 2 0 1=<j=n
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Standard Form LPs Standard Form LPs

Original LP
There are different standard forms: max 13a + 23b
s.t. 5a + 15b <480
ma;ta”ga}r)‘:f‘“m 4a + 4b <160
35a + 20b <1190
st. Ax = b
a,b =0
x = 0
Standard Form
Add a slack variable to every constraint.
max 13a + 23b
s.t. 5a + 15b + s = 480
4da + 4b + Sp =160
35a + 20b + s, =1190
a , b , s , sn , Sm =0
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Standard Form LPs

There are different standard forms:

standard form

max clx min c¢’x
st. Ax = b s.t. Ax =
x = 0 X =
standard
maximization form
max clx
st. Ax < b
x = 0
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Standard Form LPs

There are different standard forms:

standard form

max clx min c¢Tx
st. Ax = b st. Ax = b
x = 0 x = 0

standard standard
maximization form minimization form

max clx min c’x
st. Ax < b st. Ax = b
x = 0 x = 0
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Standard Form LPs

It is easy to transform variants of LPs into (any) standard form:

» less or equal to equality:

a—3b+5c+s

a—-3b+5c<12 =

s
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Standard Form LPs Standard Form LPs

It is easy to transform variants of LPs into (any) standard form:

. There are different standard forms:
» less or equal to equality:

standard form

a—-3b+5c+s=12 T : T
a-3b+5c<12 = max ¢ x min c¢°Xx
s=0 st. Ax = b st. Ax = b
x = 0 x = 0
» greater or equal to equality:
standard standard
maximization form minimization form
max clx min c¢’x
st. Ax < b st. Ax = b
x = 0 x = 0
.
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Standard Form LPs Standard Form LPs

It is easy to transform variants of LPs into (any) standard form:
It is easy to transform variants of LPs into (any) standard form:

» equality to less or equal: .
q y q » less or equal to equality:

—3b+5¢c+s=12
a—3b+5c312=a 3 et
s=>0
» greater or equal to equality:
—-3b+5¢c—-s=12
a-3b+5c=12 = ¢ €=
s>0

» min to max:

mina — 3b + 5¢ = max—a + 3b — 5c¢
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Standard Form LPs

Observations:

» a linear program does not contain x?2, cos(x), etc.
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Standard Form LPs
It is easy to transform variants of LPs into (any) standard form:
» equality to less or equal:

a—3b + 5c
—a +3b -5c

12

a—-3b+5c=12 = 12

A IA

» equality to greater or equal:
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Standard Form LPs

Observations:
» a linear program does not contain x?2, cos(x), etc.

» transformations between standard forms can be done
efficiently and only change the size of the LP by a small
constant factor
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» transformations between standard forms can be done
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constant factor

» for the standard minimization or maximization LPs we could
include the nonnegativity constraints into the set of
ordinary constraints; this is of course not possible for the
standard form
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Fundamental Questions

Definition 1 (Linear Programming Problem (LP))
Let A e Q™" beQ™, ce Q" xe Q. Does there exist

xeQ'st. Ax =b,x>0,cTx>x?
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Geometry of Linear Programming

beer b

Fundamental Questions

Definition 1 (Linear Programming Problem (LP))

Let A e Q™" b e Q™, c e Q", x € Q. Does there exist
xeQ"st. Ax =b,x>0,cTx > a?

Questions:
» Is LP in NP?
» Is LP in co-NP?
» IsLPin P?

Input size:

» 1n number of variables, m constraints, L number of bits to
encode the input
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Definitions Geometry of Linear Programming
beer b

Let for a Linear Program in standard form Regardless of the objective function an
P={x|Ax =b,x = 0}. optimum solution occurs at a vertex

(Ecke).
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Regardless of the objective function an
optimum solution occurs at a vertex
(Ecke).

Let for a Linear Program in standard form
P={x|Ax =b,x = 0}.
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Let for a Linear Program in standard form Regardless of the objective function an
P={x|Ax =b,x = 0}. optimum solution occurs at a vertex

(Ecke).
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P is called the feasible region (Losungsraum) of the LP.
» A point x € P is called a feasible point (glltige Losung).
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Definitions Geometry of Linear Programming

beer b
Let for a Linear Program in standard form Regardless of the objective function an
P={x|Ax =b,x = 0}. optimum solution occurs at a vertex
(Ecke).
» P is called the feasible region (Losungsraum) of the LP.

» A point x € P is called a feasible point (glltige Losung).

v

If P + 0 then the LP is called feasible (erfuillbar). Otherwise,
it is called infeasible (unerfillbar). >~
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Definitions Geometry of Linear Programming

beer b
Let for a Linear Program in standard form Regardless of the objective function an
P={x|Ax =b,x > 0}. optimum solution occurs at a vertex
(Ecke).

» P is called the feasible region (Losungsraum) of the LP.

» A point x € P is called a feasible point (glltige Losung).

» If P + () then the LP is called feasible (erfiillbar). Otherwise, -

it is called infeasible (unerfiillbar). >~ S
» An LPis bounded (beschrankt) if it is feasible and \
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Definitions Geometry of Linear Programming

beer b
Let for a Linear Program in standard form Regardless of the objective function an
P={x|Ax =b,x > 0}. optimum solution occurs at a vertex
(Ecke).
» P is called the feasible region (Losungsraum) of the LP.
» A point x € P is called a feasible point (glltige Losung).
» If P + () then the LP is called feasible (erfiillbar). Otherwise, -
it is called infeasible (unerfallbar). >~ S
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Definitions

Definition 2

. . . Let for a Linear Program in standard form
Given vectors/points x1,...,xr € R™, > A;x; is called 9

P={x|Ax =b,x = 0}.
» linear combination if A; € R.

P is call he feasibl ion (Lo f the LP.
» affine combination if A; € R and 3 A; = 1. » P is called the feasible region (Losungsraum) of the

» A point x € P is called a feasible point (glltige Losung).
» If P + () then the LP is called feasible (erfiillbar). Otherwise,

» convex combination if A; € Rand >;A; =1 and A; > 0.

» conic combination if A; € R and A; = 0. it is called infeasible (unerfillbar).
» An LPis bounded (beschrankt) if it is feasible and
> T . . .
Note that a combination involves only finitely many vectors. ¢’ x < o forall x € P (for maximization problems)

» ¢Tx > —co for all x € P (for minimization problems)
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Definition 3 Definition 2

A set X < R™ is called Given vectors/points x1,...,xx € R, > A;x; is called
» a linear subspace if it is closed under linear combinations. > linear combination if A; € R.
» an affine subspace if it is closed under affine combinations. » affine combination if A; € Rand >; A; = 1.
» convex if it is closed under convex combinations. > convex combination if A; € R and >;A; = 1 and A; > 0.

» a convex cone if it is closed under conic combinations.

v

conic combination if A; € R and A; = 0.

Note that an affine subspace is not a vector space Note that a combination involves only finitely many vectors.
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Definition 4

Given a set X < R",

» span(X) is the set of all linear combinations of X

(linear hull, span)

» aff(X) is the set of all affine combinations of X

(affine hull)

» conv(X) is the set of all convex combinations of X

(convex hull)

» cone(X) is the set of all conic combinations of X

(conic hull)

Definition 3
A set X < R" is called

a linear subspace if it is closed under linear combinations.

v

» an affine subspace if it is closed under affine combinations.

» convex if it is closed under convex combinations.

» a convex cone if it is closed under conic combinations.

Note that an affine subspace is not a vector space

T
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Definition 5

A function f: R™ — R is convex if for x,v € R" and A € [0, 1]

we have

SAx+ (1 -A)y) <Af(x)+ 1 -A)f(y)

T
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Definition 5

A function f: R™ — R is convex if for x,v € R" and A € [0, 1]

we have

SAx+ (1 -A)y) <Af(x)+ 1 -A)f(y)

Lemma 6
IfP = R™, and f : R™ — R convex then also

Q=1{xeP]| f(x) =<t}
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Dimensions

Definition 5
A function f: R™ — R is convex if for x,y € R" and A € [0, 1]
we have
Definition 7
The dimension dim(A) of an affine subspace A < R” is the fAx + (1 -2)y) <Af(x) + (1 -A)f(»)
dimension of the vector space {x —a | x € A}, where a € A.
Lemma 6

Definition 8
The dimension dim(X) of a convex set X = R" is the dimension
of its affine hull aff(X).

IfP < R™, and f : R™ — R convex then also

Q=1{xeP]| f(x)=<t}

.
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Dimensions

Definition 9 Definition 7
Aset H = R™is a hyperplane if H = {x | a’x = b}, for a # 0. The dimension dim(A) of an affine subspace A < R" is the
dimension of the vector space {x —a | x € A}, where a € A.

Definition 8
The dimension dim(X) of a convex set X = R" is the dimension
of its affine hull aff(X).

.
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Dimensions

Definition 9 Definition 7

A set H < R™is a hyperplane if H = {x | alx = b}, for a # 0. The dimension dim(A) of an affine subspace A < R" is the
dimension of the vector space {x —a | x € A}, where a € A.

Definition 10

A set H < R" is a (closed) halfspace if H = {x | a’x < b}, for L.

a+0 Definition 8

The dimension dim(X) of a convex set X = R" is the dimension
of its affine hull aff(X).

.
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Definitions

Definition 11
A polytop is a set P = R" that is the convex hull of a finite set of
points, i.e., P = conv(X) where | X| = c.
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Definition 9
A set H € R" is a hyperplane if H = {x | alx = b}, fora + 0.

Definition 10
Aset H < R" is a (closed) halfspace if H = {x | aTx < b}, for
a + 0.
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Definitions

Definition 12

A polyhedron is a set P = R" that can be represented as the
intersection of finitely many half-spaces
{H(ai,b1),...,H(am,bm)}, where

H(ai,bi) = {X e R" | aix < bi} .
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Definitions

Definition 11
A polytop is a set P < R" that is the convex hull of a finite set of
points, i.e., P = conv(X) where | X| = c.
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Definitions Definitions

Definition 12
A polyhedron is a set P = R" that can be represented as the
intersection of finitely many half-spaces
{H(a1,b1),...,H(am,bm)}, where Definition 11
A polytop is a set P < R" that is the convex hull of a finite set of

) — n ) )
H(ai,bi) = {x € R" | aix < bi} . points, i.e., P = conv(X) where | X| = c.

Definition 13
A polyhedron P is bounded if there exists B s.t. ||x]||» < B for all
x € P.

.
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Definitions Definitions

Definition 12
A polyhedron is a set P < R" that can be represented as the
intersection of finitely many half-spaces

{H(ai,b1),...,H(am,bm)}, where
Theorem 14

P is a bounded polyhedron iff P is a polytop. H(ai,b;) = {x € R" | a;x < b;} .

Definition 13
A polyhedron P is bounded if there exists B s.t. [|x]|2 < B for all

x € P.
.
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Definition 15 Definitions
Let P < R™, a € R" and b € R. The hyperplane

H(a,b) = {x e R" | a’x = b}

is a supporting hyperplane of P if max{a’x | x € P} = b.

Theorem 14
P is a bounded polyhedron iff P is a polytop.
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Definition 15 Definitions
Let P < R™, a € R" and b € R. The hyperplane

H(a,b) = {x e R" | alx = b}
is a supporting hyperplane of P if max{a’x | x € P} = b.
Definition 16

Let P < R". Fisaface of Pif F =P or F = P n H for some Th.eorem 14 o
supporting hyperplane H. P is a bounded polyhedron iff P is a polytop.
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Definition 15 Definitions
Let P < R™, a € R" and b € R. The hyperplane

H(a,b) = {x e R" | a’x = b}

is a supporting hyperplane of P if max{a’x | x € P} = b.

Definition 16

Let P < R". Fisaface of Pif F =P or F = P n H for some Th.eorem 14 o
supporting hyperplane H. P is a bounded polyhedron iff P is a polytop.

Definition 17
Let P € R™.

» aface vis avertex of P if {v} is a face of P.
> aface e is an edge of P if e is a face and dim(e) = 1.

» a face F is a facet of P if F is a face and
dim(F) = dim(P) — 1.
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Equivalent definition for vertex:

Definition 18
Given polyhedron P. A point x € P is a vertex if 3¢ € R" such
thatc’y < c’x, forall y € P, v # x.

Definition 19
Given polyhedron P. A point x € P is an extreme point if
Aa,b = x, a,b € P,with Aa+ (1 —A)b =x for A € [0,1].
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Definition 15
Let P < R"™, a € R" and b € R. The hyperplane

H(a,b) = {x e R" | alx = b}
is a supporting hyperplane of P if max{a’x | x € P} = b.

Definition 16
Let P =< R"™. Fisafaceof Pif F=P or F =P n H for some
supporting hyperplane H.

Definition 17
Let P c R™.

» aface v is avertex of P if {v} is a face of P.
» aface eis an edge of P if e is a face and dim(e) = 1.
» aface Fis a facet of P if F is a face and

dim(F) = dim(P) — 1.
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Equivalent definition for vertex:

Definition 18
Given polyhedron P. A point x € P is a vertex if 3¢ € R" such
thatc’y < c’x, forall y € P, v # x.

Definition 19
Given polyhedron P. A point x € P is an extreme point if
Aa,b = x, a,b € P,with Aa+ (1 —A)b =x for A € [0,1].

Lemma 20
A vertex is also an extreme point.
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Definition 15
Let P < R"™, a € R" and b € R. The hyperplane

H(a,b) = {x e R" | alx = b}
is a supporting hyperplane of P if max{a’x | x € P} = b.

Definition 16
Let P =< R"™. Fisafaceof Pif F=P or F =P n H for some
supporting hyperplane H.

Definition 17
Let P c R™.

» aface v is avertex of P if {v} is a face of P.
» aface eis an edge of P if e is a face and dim(e) = 1.
» aface Fis a facet of P if F is a face and

dim(F) = dim(P) — 1.
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Equivalent definition for vertex:

Definition 18
Given polyhedron P. A point x € P is a vertex if 3c € R" such

thatcly < cTx, forall y € P, y + x.
Observation

The feasible region of an LP is a Polyhedron.
Definition 19

Given polyhedron P. A point x € P is an extreme point if
Aa,b + x, a,b € P, with Aa + (1 — A)b = x for A € [0,1].

Lemma 20
A vertex is also an extreme point.
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Convex Sets

Theorem 21
If there exists an optimal solution to an LP (in standard form)
then there exists an optimum solution that is an extreme point.
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Observation
The feasible region of an LP is a Polyhedron.
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Convex Sets

Theorem 21

If there exists an optimal solution to an LP (in standard form)

then there exists an optimum solution that is an extreme point. GRSt

Proof The feasible region of an LP is a Polyhedron.

» suppose x is optimal solution that is not extreme point
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Convex Sets

Theorem 21

If there exists an optimal solution to an LP (in standard form)

then there exists an optimum solution that is an extreme point. GRSt

Proof The feasible region of an LP is a Polyhedron.

» suppose x is optimal solution that is not extreme point

» there exists direction d += O suchthat x +d € P
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Convex Sets

Theorem 21

If there exists an optimal solution to an LP (in standard form)

then there exists an optimum solution that is an extreme point. GRSt

Proof The feasible region of an LP is a Polyhedron.

» suppose x is optimal solution that is not extreme point
> there exists direction d = O suchthat x +d € P
» Ad =0 because A(x =d) =b
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Convex Sets

Theorem 21

If there exists an optimal solution to an LP (in standard form)

then there exists an optimum solution that is an extreme point. GRSt

Proof The feasible region of an LP is a Polyhedron.

» suppose x is optimal solution that is not extreme point
> there exists direction d = O suchthat x +d € P
» Ad =0 because A(x =d) =b

» Wlog. assume c’d = 0 (by taking either d or —d)

‘m EADS Il 3 Introduction to Linear Programming EADS Il
Harald Racke

3 Introduction to Linear Programming
37/569 Harald Racke



Convex Sets

Theorem 21
If there exists an optimal solution to an LP (in standard form)

then there exists an optimum solution that is an extreme point. GRSt

Proof The feasible region of an LP is a Polyhedron.
» suppose x is optimal solution that is not extreme point
> there exists direction d + 0 suchthat x +d € P
» Ad = 0 because A(x +d) =Db

Wlog. assume c’d = 0 (by taking either d or —d)

Consider x + Ad, A > 0

v

v
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Convex Sets

T
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Convex Sets

Theorem 21
If there exists an optimal solution to an LP (in standard form)

then there exists an optimum solution that is an extreme point.

Proof
» suppose x is optimal solution that is not extreme point
» there exists direction d + 0 such that x +d € P
» Ad = 0 because A(x £d) =b
» Wlog. assume c’d > 0 (by taking either d or —d)
» Consider x + Ad, A > 0
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Convex Sets

Case 1. [Jj s.t. d; < 0]
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Convex Sets

Theorem 21
If there exists an optimal solution to an LP (in standard form)

then there exists an optimum solution that is an extreme point.

Proof
» suppose Xx is optimal solution that is not extreme point
» there exists direction d + 0 suchthat x +d € P
» Ad = 0 because A(x +d) =Db
» Wlog. assume c’d = 0 (by taking either d or —d)
» Consider x + Ad, A > 0
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Convex Sets Convex Sets

Case 1. [Jj s.t. d; < 0]

» increase A to A’ until first component of x + Ad hits 0 VLK) 2l

If there exists an optimal solution to an LP (in standard form)
then there exists an optimum solution that is an extreme point.

Proof
» suppose Xx is optimal solution that is not extreme point
» there exists direction d + 0 suchthat x +d € P
» Ad = 0 because A(x +d) =Db
» Wlog. assume c’d = 0 (by taking either d or —d)
» Consider x + Ad, A > 0
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Convex Sets Convex Sets

Case 1. [Jj s.t. d; < 0]
» increase A to A’ until first component of x + Ad hits 0
» x + A'd is feasible. Since A(x + A’d) =band x +A'd =0

Theorem 21
If there exists an optimal solution to an LP (in standard form)

Proof
» suppose Xx is optimal solution that is not extreme point
» there exists direction d + 0 suchthat x +d € P
Ad = 0 because A(x +d) =Db
» Wlog. assume c’d = 0 (by taking either d or —d)
Consider x + Ad, A > 0

v

v
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Convex Sets

Case 1. [Jj s.t. d; < 0]
» increase A to A’ until first component of x + Ad hits 0
» x + A'd is feasible. Since A(x + A’d) =band x +A'd =0

» x + A’d has one more zero-component (d; = 0 for x; = 0 as
x+deP)
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Convex Sets

Theorem 21
If there exists an optimal solution to an LP (in standard form)

then there exists an optimum solution that is an extreme point.

Proof
» suppose Xx is optimal solution that is not extreme point
» there exists direction d + 0 suchthat x +d € P
Ad = 0 because A(x +d) =Db
» Wlog. assume c’d = 0 (by taking either d or —d)
Consider x + Ad, A > 0
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Convex Sets

Case 1. [dj s.t. d; < 0]
» increase A to A’ until first component of x + Ad hits 0
» x + A'd is feasible. Since A(x +A'd) =band x + A’'d = 0

» x + A’d has one more zero-component (d; = 0 for x; = 0 as
x+deP)

»clx' =cT(x+Ad) =cTx+AcTd=cTx
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Convex Sets

Theorem 21
If there exists an optimal solution to an LP (in standard form)

then there exists an optimum solution that is an extreme point.

Proof
» suppose Xx is optimal solution that is not extreme point
» there exists direction d + 0 suchthat x +d € P
Ad = 0 because A(x +d) =Db
» Wlog. assume c’d = 0 (by taking either d or —d)
Consider x + Ad, A > 0
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Convex Sets

Case 1. [Jj s.t. d; < 0]
» increase A to A’ until first component of x + Ad hits 0
» x + A'd is feasible. Since A(x + A’d) =band x +A'd =0

» x + A’d has one more zero-component (d; = 0 for x; = 0 as
x+deP)

»cIx' =cT(x+A'd) =cTx+AclTd=cTx

Case 2. [dj = O forall j and c’d > 0]
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Convex Sets

Theorem 21
If there exists an optimal solution to an LP (in standard form)

then there exists an optimum solution that is an extreme point.

Proof
» suppose Xx is optimal solution that is not extreme point
» there exists direction d + 0 suchthat x +d € P
Ad = 0 because A(x +d) =Db
» Wlog. assume c’d = 0 (by taking either d or —d)
Consider x + Ad, A > 0
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Convex Sets

Case 1. [dj s.t. d; < 0]
» increase A to A’ until first component of x + Ad hits 0
» x + A'd is feasible. Since A(x +A'd) =band x + A’'d = 0

» x + A’d has one more zero-component (d; = 0 for x; = 0 as
x+deP)

»clx' =cT(x+Ad) =cTx+AcTd=cTx
Case 2. [dj = O forall j and c’d > 0]

» x + Ad is feasible for all A > 0 since A(x + Ad) = b and
X+Ad=x=0
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Convex Sets

Theorem 21
If there exists an optimal solution to an LP (in standard form)

then there exists an optimum solution that is an extreme point.

Proof
» suppose Xx is optimal solution that is not extreme point
» there exists direction d + 0 suchthat x +d € P
Ad = 0 because A(x +d) =Db
» Wlog. assume c’d = 0 (by taking either d or —d)
Consider x + Ad, A > 0
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Convex Sets

Case 1. [dj s.t. d; < 0]
» increase A to A’ until first component of x + Ad hits 0
» x + A'd is feasible. Since A(x +A'd) =band x + A’'d = 0

» x + A’d has one more zero-component (d; = 0 for x; = 0 as
x+deP)

»clx' =cT(x+Ad) =cTx+AcTd=cTx

Case 2. [dj = O forall j and c’d > 0]

» x + Ad is feasible for all A > 0 since A(x + Ad) = b and
X+Ad=x=0

»asA—oo,cl(x+Ad) - oascld>0
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Convex Sets

Theorem 21
If there exists an optimal solution to an LP (in standard form)

then there exists an optimum solution that is an extreme point.

Proof
» suppose Xx is optimal solution that is not extreme point
» there exists direction d + 0 suchthat x +d € P
Ad = 0 because A(x +d) =Db
» Wlog. assume c’d = 0 (by taking either d or —d)
Consider x + Ad, A > 0
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Algebraic View

beer b

/A

An extreme point in R4 is uniquely de-
fined by d linearly independent equa-

tions.

\

alea

Convex Sets

Case 1. [Jj s.t. d;j < 0]
» increase A to A’ until first component of x + Ad hits O
» x + A'd is feasible. Since A(x + A’d) =band x + A’d = 0

» x + A’d has one more zero-component (dy; = 0 for x; = 0 as
X +deP)

»clx' =cT(x+Ad)=cTx+AcTd=cTx

Case 2. [dj = O forall j and c’d > 0]

» x + Ad is feasible for all A > 0 since A(x + Ad) = b and
X+Ad=x=>0

»asA— oo, cl(x+Ad) - wascld >0
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Algebraic View

beer b
Notation An extreme point in R% is uniquely de-
Suppose B < {1...n} is a set of column-indices. Define Az as fined by d linearly independent equa-
the subset of columns of A indexed by B. tions.

A

alea
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Algebraic View

beer b
Notation An extreme point in R4 is uniquely de-
Suppose B < {1...n} is a set of column-indices. Define Az as fined by d linearly independent equa-
the subset of columns of A indexed by B. tions.

Theorem 22
LetP = {x | Ax = b,x = 0}. For x € P, define B = {j | x; > 0}.
Then x is extreme point iff Ag has linearly independent columns.

v

alea
.
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Theorem 22
LetP = {x | Ax = b,x = 0}. For x € P, define B = {j | x; > O}.

Then x is extreme point iff Ag has linearly independent columns. Notation

Suppose B c {1...n} is a set of column-indices. Define Ap as
the subset of columns of A indexed by B.

Theorem 22

LetP = {x | Ax = b,x = 0}. For x € P, define B = {j | x; > 0}.
Then x is extreme point iff Ag has linearly independent columns.
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Theorem 22
LetP = {x | Ax = b,x = 0}. For x € P, define B = {j | x; > O}.
Then x is extreme point iff Ag has linearly independent columns.

Proof (<)

> assume x is not extreme point
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Notation

Suppose B c {1...n} is a set of column-indices. Define Ap as
the subset of columns of A indexed by B.

Theorem 22
LetP = {x | Ax = b,x = 0}. For x € P, define B = {j | x; > 0}.
Then x is extreme point iff Ag has linearly independent columns.
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Theorem 22
LetP = {x | Ax = b,x = 0}. For x € P, define B = {j | x; > O}.

Then x is extreme point iff Ag has linearly independent columns. Notation

Suppose B c {1...n} is a set of column-indices. Define Ap as
Proof (<)

the subset of columns of A indexed by B.
> assume x is not extreme point

» there exists direction d s.t. x +d € P Theorem 22

LetP = {x | Ax = b,x = 0}. For x € P, define B = {j | x; > 0}.
Then x is extreme point iff Ag has linearly independent columns.
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Theorem 22
LetP = {x | Ax = b,x = 0}. For x € P, define B = {j | x; > O}.

Then x is extreme point iff Ag has linearly independent columns.

Proof (<)

> assume x is not extreme point
» there exists direction d s.t. x +d € P
» Ad =0 because A(x +d) =Db
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Notation

Suppose B c {1...n} is a set of column-indices. Define Ap as
the subset of columns of A indexed by B.

Theorem 22
LetP = {x | Ax = b,x = 0}. For x € P, define B = {j | x; > 0}.
Then x is extreme point iff Ag has linearly independent columns.
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Theorem 22
LetP = {x | Ax = b,x = 0}. For x € P, define B = {j | x; > O}.

Then x is extreme point iff Ag has linearly independent columns. Notation

Suppose B c {1...n} is a set of column-indices. Define Ap as

Proof (<) the subset of columns of A indexed by B.

> assume x is not extreme point

» there exists direction d s.t. x +d € P Theorem 22

» Ad =0 because A(x +d) =b LetP = {x | Ax = b,x = 0}. For x € P, define B = {j | x; > 0}.

> define B’ = {j | d; < 0} Then x is extreme point iff Ag has linearly independent columns.
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Theorem 22
LetP = {x | Ax = b,x = 0}. For x € P, define B = {j | x; > O}.
Then x is extreme point iff Ag has linearly independent columns.

Proof (<)

> assume x is not extreme point

v

there exists direction d s.t. x +d € P
Ad = 0 because A(x +d) =b
define B’ = {j | d; = 0}

Ap’ has linearly dependent columns as Ad =0

\4

v

\4
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Notation

Suppose B c {1...n} is a set of column-indices. Define Ap as
the subset of columns of A indexed by B.

Theorem 22
LetP = {x | Ax = b,x = 0}. For x € P, define B= {j | x; > 0}.
Then x is extreme point iff Ag has linearly independent columns.
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Theorem 22
LetP = {x | Ax = b,x = 0}. For x € P, define B = {j | x; > O}.
Then x is extreme point iff Ag has linearly independent columns.

Proof (<)
> assume Xx is not extreme point
> there exists direction d s.t. x +d € P
» Ad = 0 because A(x +d) =Db
» define B = {j | d; + 0}
» Ap has linearly dependent columns as Ad =0
» d;j=0forall jwithx;=0asx+d =0
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Notation

Suppose B c {1...n} is a set of column-indices. Define Ap as
the subset of columns of A indexed by B.
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LetP = {x | Ax = b,x = 0}. For x € P, define B= {j | x; > 0}.
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Theorem 22
LetP = {x | Ax = b,x = 0}. For x € P, define B = {j | x; > O}.
Then x is extreme point iff Ag has linearly independent columns.

Proof (<)
> assume Xx is not extreme point
> there exists direction d s.t. x +d € P
» Ad = 0 because A(x +d) =Db
» define B = {j | d; + 0}
» Ap has linearly dependent columns as Ad =0
» d;j=0forall jwithx;=0asx+d =0

» Hence, B’ < B, Ap’ is sub-matrix of Ap
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Notation
Suppose B c {1...n} is a set of column-indices. Define Ap as
the subset of columns of A indexed by B.

Theorem 22
LetP = {x | Ax = b,x = 0}. For x € P, define B= {j | x; > 0}.
Then x is extreme point iff Ag has linearly independent columns.
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Theorem 22 Theorem 22

LetP = (x| Ax =b,x = 0}. Forx € P, define B = {j | x; > 0}. Lri;tel; . :{sxel ;Lifmzeb’o)'cnf '(;I%JAFO;a); fn};;szlleﬁ':jieB e:nifjerlltxg; (r)rfns
Then x is extreme point iff Ag has linearly independent columns. XI5 ex pomnt it As ! y ihaep Y ’
Proof (=) Proof (<)

» assume Xx is not extreme point

» there exists directiond s.t. x +d € P

» Ad = 0 because A(x £d) =b

» define B’ = {j | dj + 0}

» Ap has linearly dependent columns as Ad =0
» d;j=0forall jwithx;=0asx+d =0

» Hence, B’ € B, Ap’ is sub-matrix of Ap
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Theorem 22
LetP = {x | Ax = b,x = 0}. For x € P, define B = {j | x; > 0}.
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Theorem 23

LetP = {x | Ax = b,x = 0}. For x € P, define B = {j | x; > 0}.
If Ag has linearly independent columns then x is a vertex of P.

0O jeB

»deﬁnecj—{_1 j¢B

Theorem 22
LetP = {x | Ax = b,x = 0}. For x € P, define B = {j | x; > 0}.

Then x is extreme point iff Ag has linearly independent columns.

Proof (=)
» assume Ag has linearly dependent columns
» there exists d + 0 such that Agd =0
» extend d to R" by adding 0-components
» now, Ad = 0 and d; = O whenever x; =0
» for sufficiently small A we have x = Ad € P

» hence, x is not extreme point

m EADS Il 3 Introduction to Linear Programming
Harald Racke

EADS Il 3 Introduction to Linear Programming
43/569 Harald Racke

42



Theorem 23
LetP = {x | Ax = b,x = 0}. For x € P, define B = {j | x; > 0}.
If Ag has linearly independent columns then x is a vertex of P.

0O jeB
1 j¢B
» thenc’x =0andc’y <OforyeP

> define ¢; = {

m EADS Il 3 Introduction to Linear Programming
Harald Racke 43/569

Theorem 22
LetP = {x | Ax = b,x = 0}. For x € P, define B = {j | x; > 0}.

Then x is extreme point iff Ag has linearly independent columns.

Proof (=)
» assume Ag has linearly dependent columns
» there exists d + 0 such that Agd =0
» extend d to R" by adding 0-components
» now, Ad = 0 and d; = O whenever x; =0
» for sufficiently small A we have x = Ad € P

» hence, x is not extreme point

EADS Il 3 Introduction to Linear Programming
Harald Racke

42



Theorem 23
LetP = {x | Ax = b,x = 0}. For x € P, define B = {j | x; > 0}.
If Ag has linearly independent columns then x is a vertex of P.

0O jeB
1 j¢B
» thenc’x =0andc’y <OforyeP

> define ¢; = {

» assume ¢’y = 0; then yj=0forall j¢B

m EADS Il 3 Introduction to Linear Programming
Harald Racke 43/569

Theorem 22
LetP = {x | Ax = b,x = 0}. For x € P, define B = {j | x; > 0}.

Then x is extreme point iff Ag has linearly independent columns.

Proof (=)

>

>

>

assume Ap has linearly dependent columns
there exists d + 0 such that Agd =0
extend d to R™ by adding 0-components
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assume ¢’y = 0; then yj=0forall j¢B
b =Ay = Apyp = Ax = Apxp gives that Ag(xp — vp) = 0;

this means that xp = yp since Ap has linearly independent
columns

we get y = x
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assume Ap has linearly dependent columns
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assume Ap has linearly dependent columns
there exists d + 0 such that Agd = 0
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now, Ad = 0 and d; = O whenever x; =0
for sufficiently small A we have x + Ad € P

hence, x is not extreme point

3 Introduction to Linear Programming

42



Observation Theorem 23

For an LP we can assume wlog. that the matrix A has full Let P = {x | Ax = b,x > 0}. For x € P, define B = {j | x; > 0}.
row-rank. This means rank(A) = m. If A has linearly independent columns then x is a vertex of P.
) 0O JjeEB
> deﬁnecj—{ _1 j¢B

» thenc’x=0andcTy <OforyeP
» assume ¢’y = 0; then yj=0forall j¢B
» b =Ay = Agyp = Ax = Apxp gives that Ag(xp — yp) = 0;

» this means that xp = yp since Ap has linearly independent
columns

» wegety=x
» hence, x is a vertex of P
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From now on we will always assume that the
constraint matrix of a standard form LP has full

row rank.

T
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Observation
For an LP we can assume wlog. that the matrix A has full
row-rank. This means rank(A) = m.

Ci

c2

assume that rank(A) < m

assume wlog. that the first row A; lies in the span of the
other rows A, ..., Ay; this means

Ay = ZZZ A - Aj, for suitable A;

if now by = 21”:‘2 A; - b; then for all x with A;x = b; we also
have A;x = b1; hence the first constraint is superfluous

if by # >."» A; - b; then the LP is infeasible, since for all x
that fulfill constraints A»,..., A;;; we have

m m
A1x = Zi:Z Ai -Aix = Zi:Z Ai o bi * b



Theorem 24
Given P = {x | Ax = b,x = 0}. x is extreme point iff there exists
Bc {1,...,n} with |B| = m and

» Apg is non-singular From now on we will always assume that the
» xg=Ap'b >0 constraint matrix of a standard form LP has full
» xN=0 row rank.

where N = {1,...,n} \ B.
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Theorem 24
Given P = {x | Ax = b,x = 0}. x is extreme point iff there exists
B c{l,...,n} with |B| = m and

» Apg is non-singular From now on we will always assume that the
» xg=Ap'b >0 constraint matrix of a standard form LP has full
» xn =0 row rank.

where N = {1,...,n} \ B.

Proof
Take B = {j | x; > 0} and augment with linearly independent
columns until |B| = m; always possible since rank(A) = m.
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Basic Feasible Solutions

Theorem 24
Given P = {x | Ax = b,x = 0}. x is extreme point iff there exists
Bc{l,...,n} with |B| = m and

» Ap is non-singular

> Xp = Aglb >0

» xy =0

where N = {1,...,n} \ B.

Proof
Take B = {j | x; > 0} and augment with linearly independent
columns until |B| = m; always possible since rank(A) = m.
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Basic Feasible Solutions

Theorem 24
Given P = {x | Ax = b,x = 0}. x is extreme point iff there exists

x € R" is called basic solution (Basislosung) if Ax = b and :
Bc{l,...,n} with |B| = m and

rank(Ajy) = [J| where J = {j | x; # 0};
» Ap is non-singular
> Xp = Aglb >0
» xy =0

where N = {1,...,n} \ B.

Proof
Take B = {j | x; > 0} and augment with linearly independent
columns until |B| = m; always possible since rank(A) = m.
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Basic Feasible Solutions

x € R" is called basic solution (Basislosung) if Ax = b and

rank(Ajy) = [J| where J = {j | x; # 0};

x is a basic feasible solution (gultige Basislosung) if in addition

x = 0.

Theorem 24
Given P = {x | Ax = b,x = 0}. x is extreme point iff there exists
Bc {l,...,n} with |B| = m and
» Ap is non-singular
> Xp = Aglb >0
» xy =0
where N = {1,...,n} \ B.
Proof

Take B = {j | x; > 0} and augment with linearly independent
columns until |B| = m; always possible since rank(A) = m.
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Basic Feasible Solutions

x € R™ is called basic solution (Basislosung) if Ax = b and
rank(Ajy) = [J| where J = {j | x; # 0};

x is a basic feasible solution (gultige Basislosung) if in addition

x = 0.
A basis (Basis) is an index set B < {1,...,n} with rank(Ag) = m
and |B| = m.
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Given P = {x | Ax = b,x = 0}. x is extreme point iff there exists
Bc {l,...,n} with |B| = m and
» Ap is non-singular
> Xp = Aglb >0
» xy =0
where N = {1,...,n} \ B.
Proof

Take B = {j | x; > 0} and augment with linearly independent
columns until |B| = m; always possible since rank(A) = m.
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Basic Feasible Solutions

x € R™ is called basic solution (Basislosung) if Ax = b and
rank(Ajy) = [J| where J = {j | x; # 0};

x is a basic feasible solution (gultige Basislosung) if in addition
x > 0.

A basis (Basis) is an index set B < {1,...,n} with rank(Ag) = m
and |B| = m.

x € R™ with Agxp = b and x; = 0 for all j ¢ B is the basic
solution associated to basis B (die zu B assoziierte Basislosung)

Harald Racke

3 Introduction to Linear Programming

Theorem 24
Given P = {x | Ax = b,x = 0}. x is extreme point iff there exists
Bc {l,...,n} with |B| = m and
» Ap is non-singular
> Xp = Aglb >0
» xy =0
where N = {1,...,n} \ B.
Proof

Take B = {j | x; > 0} and augment with linearly independent
columns until |B| = m; always possible since rank(A) = m.
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Basic Feasible Solutions

A BFS fulfills the m equality constraints.

In addition, at least n — m of the x;’s are zero. The
corresponding non-negativity constraint is fulfilled with equality.

Fact:
In a BFS at least n constraints are fulfilled with equality.
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rank(Ay) = |J| where J = {j | x; # 0};

x is a basic feasible solution (gultige Basislosung) if in addition

x = 0.
A basis (Basis) is an index set B < {1,...,n} with rank(Ag) = m
and |B| = m.

x € R™ with Agxp = b and x; = 0 for all j ¢ B is the basic
solution associated to basis B (die zu B assoziierte Basislosung)
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Basic Feasible Solutions Basic Feasible Solutions

A BFS fulfills the m equality constraints.
Definition 25 » I feb , b
For a general LP (max{c’x | Ax < b}) with n variables a point x In addltlon,'at east 1 — m _O the x; s.are. zero: The ) i
is 2 basic feasible solution if x is feasible and there exist 71 corresponding non-negativity constraint is fulfilled with equality.

(linearly independent) constraints that are tight. Fact:

In a BFS at least n constraints are fulfilled with equality.
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Algebraic View

max 13a + 23b

{b, sc, Sm} s.t. 5a + 15b + s¢ =480
(01401-120/0/390) A s Al + s — 160
35a + 20b + Sm = 1190
1, sn. Sm} a , b, sc,Sh,Sm=0
(0132]0|32|550)
{a, b, sp}

{a,b, sm}
(12]28]0/0|210)

(19.41]25.53|0]-19.76/0)

beer

{a,b,s.}
(26]14/140/0/0)

{Scs Shy Sm}
(0/01480]160]1190)

ale {a, sc, sn} {a, sc, sm}
(34/030/24/0)  (40(0/280|0]-210)

Basic Feasible Solutions

Definition 25

For a general LP (max{c’x | Ax < b}) with n variables a point x
is a basic feasible solution if x is feasible and there exist n
(linearly independent) constraints that are tight.
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Fundamental Questions

Linear Programming Problem (LP)

Let A e Q™" beQ™, ce Q" e Q. Does there exist

xeQ"st. Ax=b,x=0,cTx = «?

Algebraic View

{b, Sc, Sm}
(0|40|-120]0|390)

{b, Sh, Sm}
(0132/0/32|550)

beer
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max 13a + 23b

s.t. S5a + 15b + s =480
4a + 4b + Sp =160
35a + 20b + Sm = 1190
a, b,sc,Sn,Ssm=0
{a, b, sp}
{a, b, sm} (19.41]25.53]0]-19.76|0)
(12]28|0/0|210)
{a, b, sc}
(26/14/140|0]|0)
{Sc, Sh, Sm}
(0/0|480]160|1190)
ale {a, sc, sn} {a, sc, Sm}

(34/0130/24/0)  (40/0/280|0|-210)



Fundamental Questions Algebraic View

max 13a + 23b

Linear Programming Problem (LP)

mxn m n ; b, sc, Sm} s.t. 5a + 15b + s = 480
LetAcQ ,beQ™, ceQ", x e Q. Does there exist T e e . e
n _ T -
xeQ'st. Ax=b,x>0,c'x > x? 354 + 20b 5 = 1190
T S ) a, b,sc,sn,sm=0
Questions: (0/32/0/32/550)
{a, b, sp}

> |Is LP in NP? yes! {a, b, sm} (19.41125.53/0]-19.76/0)
. (12|28|0|0|210)
> |Is LP in co-NP?
()
> Is LPin P? 9
Proof: {a, b, sc}

. . . . (26/14]140/0]0)
» Given a basis B we can compute the associated basis

solution by calculating Aglb in polynomial time; then we

can also compute the profit. e sn ]
(0/01480]160|1190)

{a, sc, sn} {a, sc, Sm}

ale
(34/030/24/0)  (40/0|280/0]-210)
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Observation
We can compute an optimal solution to a linear program in time

0] ((,’:1) . poly(n,m)).

» there are only (::l) different bases.

» compute the profit of each of them and take the maximum

What happens if LP is unbounded?
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Fundamental Questions

Linear Programming Problem (LP)
Let A e Q™" b e Q™, ce Q" xe Q. Does there exist
xeQ"st. Ax=b,x=20,cTx = a?

Questions:
» Is LP in NP? yes!
» Is LP in co-NP?
» IsLPin P?

Proof:
» Given a basis B we can compute the associated basis
solution by calculating Aglb in polynomial time; then we
can also compute the profit.
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4 Simplex Algorithm

Enumerating all basic feasible solutions (BFS), in order to find
the optimum is slow.
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4 Simplex Algorithm

Enumerating all basic feasible solutions (BFS), in order to find
the optimum is slow.

Simplex Algorithm [George Dantzig 1947]
Move from BFS to adjacent BFS, without decreasing objective
function.

Two BFSs are called adjacent if the bases just differ in one
variable.
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4 Simplex Algorithm

max 13a + 23b

s.t. 5a+ 15b + s, = 480
4a + 4b + Sp =160
35a + 20b + sm = 1190
a , b,sc,shn,sm=0

4 Simplex Algorithm
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4 Simplex Algorithm

Enumerating all basic feasible solutions (BFS), in order to find

the optimum is slow.

Simplex Algorithm [George Dantzig 1947]
Move from BFS to BFS, without decreasing objective

function.

Two BFSs are called if the bases just differ in one

variable.
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4 Simplex Algorithm 4 Simplex Algorithm

max 13a + 23b

st. 5a+ 15b + s =480 Enumerating all basic feasible solutions (BFS), in order to find
4a + 4b = S = 160 the optimum is slow.
35a + 20b + S, = 1190
a, b,sc,sn,sm=0 Simplex Algorithm [George Dantzig 1947]
Move from BFS to BFS, without decreasing objective
max Z basis = {S¢, Sh, Sm} function.
1 23b -Z= A=B=0
3a+ 310 0 7 -0 Two BFSs are called if the bases just differ in one
5a + 15b + s =480 ;
s+ 4b 4 =160 | | % variable.
Sp =160
35a + 20b +sm =1190 | [SEEEESS
a , b, sc, Sn, Sm >0
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Pivoting Step

max Z
13a + 23b -Z=0
5a + 15b + s =480
4a + 4b + sp =160
35a + 20b + Sm =1190
a , b, sc, Sh, Sm >0

basis = {s¢, Sn, Sm}
a=b=0

Z =0

sc =480

sp =160

Sm= 1190

4 Simplex Algorithm

max 13a + 23b

s.t. 5a+ 15b + s, = 480
4a + 4b + sn =160
35a + 20b + s, =1190
a, b,sc,sn,sm=0
max Z basis = {s¢, Sn, Sm}
13a + 23b -7Z=0 A=B=0
5a + 15b + s — 480 ‘0
da+ 4b  + s, - 160 Se =480
sp =160
35a + 20b +sm =1190| |¢ _qj90
a, b,sc,sn, sm >0
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Pivoting Step

basis = {s¢, Sn, Sm}
a=b=0

Z =0

sc =480

sp =160

Sm= 1190

max Z
13a + 23b -Z=0
5a + 15b + s =480
4a + 4b + sp =160
35a + 20b + Sm =1190
a, b,sc,sn, Sm >0

» choose variable to bring into the basis

4 Simplex Algorithm

max 13a + 23b
s.t. 5a+ 15b + s, = 480
4a + 4b + sn =160
35a + 20b + Sm = 1190
a , b,sc,shn,sm=0
max Z basis = {sc, Sn, Sm}
13a + 23b - 7Z=0 A=B=0
Z =0
5a + 15b + s = 480
4a + 4b +sh - 160 Se = 480
sp =160
35a + 20b + Sm =1190 Spu= 1190
a ) b ’ SC ’ Sh, ) SWL ZO

EADS II
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Pivoting Step

basis = {s¢, Sn, Sm}

a=b=0
Z =0

sc =480
sp =160
Sm= 1190

max Z
13a + 23b -Z=0
5a + 15b + s =480
4a + 4b + sp =160
35a + 20b + Sm =1190
a, b,sc,sn, Sm >0

» choose variable to bring into the basis

» chosen variable should have positive coefficient in objective

function

4 Simplex Algorithm

max 13a + 23b
s.t. 5a+ 15b + s, = 480
4a + 4b + S =160
35a + 20b + 5, = 1190
a, b y Sc Sh, y Sm = 0
max Z basis = {s¢, Sh, Sm}
13a + 23b —-7Z=0 A=B=0
Z =0
5a + 15b + s = 480
4a + 4b + Sh = 160 Se = 480
sp =160
a ) b ’ SC ’ Sh, ) SWL = O
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Pivoting Step

basis = {s¢, Sn, Sm}

a=b=0
Z =0

sc =480
sp =160
Sm= 1190

max Z
13a + 23b -Z=0
5a + 15b + s =480
4a + 4b + sp =160
35a + 20b + Sm =1190
a, b,sc,sn, Sm >0

» choose variable to bring into the basis

» chosen variable should have positive coefficient in objective

function

> apply
can be increased

test to find out by how much the variable

4 Simplex Algorithm

max 13a + 23b

s.t. 5a+ 15b + s, = 480
4a + 4b + S =160
35a + 20b + 5, = 1190
a, b y Sc Sh, y Sm = 0
max Z basis = {s¢, Sh, Sm}
13a + 23b —-7Z=0 A=B=0
Z =0
5a + 15b + s = 480
4a + 4b + Sh = 160 Se = 480
sp =160
a , b, sc, Sn, Sm >0
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Pivoting Step

max Z basis = {S¢, Sh, Sm}
13a + 23b - 7Z=0 a=b=0
Z =0
5a + 15b + s =480
4a+ 4b  +sp =160 Se = 480
sp =160
35a + 20b + Sm =1190 Sm= 1190
a ) b ) SC ’ Sh ) Sm = O

» choose variable to bring into the basis

» chosen variable should have positive coefficient in objective
function

» apply test to find out by how much the variable
can be increased

» pivot on row found by min-ratio test

4 Simplex Algorithm

max 13a + 23b

s.t. 5a+ 15b + s, = 480
4a + 4b + S =160
35a + 20b + 5, = 1190
a, b y Sc Sh, y Sm = 0
max Z basis = {s¢, Sh, Sm}
13a + 23b —-7Z=0 A=B=0
Z =0
5a + 15b + s = 480
4a + 4b + Sh = 160 Se = 480
sp =160
a , b, sc, Sn, Sm >0
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Pivoting Step

max Z basis = {S¢, Sh, Sm}
13a + 23b - 7Z=0 a=b=0
Z =0
5a + 15b + s =480
4a+ 4b  +sp =160 Se = 480
sp =160
35a + 20b + Sm =1190 Sm= 1190
a ) b ) SC ’ Sh ) Sm = O

» choose variable to bring into the basis

» chosen variable should have positive coefficient in objective
function

» apply test to find out by how much the variable
can be increased

» pivot on row found by min-ratio test

» the existing basis variable in this row leaves the basis

4 Simplex Algorithm

max 13a + 23b

s.t. 5a+ 15b + s, = 480
4a + 4b + S =160
35a + 20b + 5, = 1190
a, b y Sc Sh, y Sm = 0
max Z basis = {s¢, Sh, Sm}
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Z =0
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max Z
13a + 23b

5a + 15b + s
4a + 4b
35a + 20b

a ,

+ Sn

+ Sm

b, sc,sn, sm

-7Z=0
= 480
=160
=1190
>0

basis = {s., Sn, Sm}

a=b=0
Z =0

sc =480
sp =160
Sm= 1190

Pivoting Step

max Z
13a + 23b
5a + 15b + s
4a + 4b
35a + 20b
a .,

+ Sn

e

b, sc,sn, sm

-7Z=0
= 480
=160
=1190
>0

basis = {s¢, Sh, Sm }

a=b=0
Z =0

sc =480
sp =160
Sm= 1190

» choose variable to bring into the basis

» chosen variable should have positive coefficient in objective

function

> apply

test to find out by how much the variable
can be increased

» pivot on row found by min-ratio test

» the existing basis variable in this row leaves the basis



max Z
13a + 23b
5a + 15b + s
4a + 4b
35a + 20b

+ Sn

+ Sm

a, b,Sc’Shssm

-7Z=0
= 480
=160
=1190
>0

basis = {s., Sn, Sm}

a=b=0
Z =0

sc =480
sp =160
Sm= 1190

» Choose variable with coefficient > 0 as
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max Z
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=1190
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basis = {s¢, Sh, Sm }

a=b=0
Z =0

sc =480
sp =160
Sm= 1190

» choose variable to bring into the basis

» chosen variable should have positive coefficient in objective

function

> apply

test to find out by how much the variable
can be increased

» pivot on row found by min-ratio test

» the existing basis variable in this row leaves the basis



max Z
13a + 23b
5a + 15b + s
4a + 4b
35a + 20b

+ Sn

+ Sm

a, b,Sc’Shssm

~Z=0
= 480
= 160

= 1190

>0

basis = {s., Sn, Sm}

a=b=0
Z =0

sc =480
sp =160
Sm= 1190

» Choose variable with coefficient > 0 as

» If we keep a = 0 and increase b from 0 to 6 > 0 s.t. all
constraints (Ax = b, x = 0) are still fulfilled the objective
value Z will strictly increase.

Pivoting Step

max Z
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4a + 4b
35a + 20b

+ Sn
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» choose variable to bring into the basis

» chosen variable should have positive coefficient in objective

function

> apply

test to find out by how much the variable
can be increased

» pivot on row found by min-ratio test

» the existing basis variable in this row leaves the basis
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= 480
= 160

= 1190

>0

basis = {s., Sn, Sm}

a=b=0
Z =0

sc =480
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» Choose variable with coefficient > 0 as

» If we keep a = 0 and increase b from 0 to 6 > 0 s.t. all
constraints (Ax = b, x = 0) are still fulfilled the objective
value Z will strictly increase.

» For maintaining Ax = b we need e.g. to set s, = 480 — 156.
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» choose variable to bring into the basis

» chosen variable should have positive coefficient in objective

function

> apply

test to find out by how much the variable
can be increased

» pivot on row found by min-ratio test

» the existing basis variable in this row leaves the basis
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>0

basis = {s., Sn, Sm}
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Z =0

sc =480
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» Choose variable with coefficient > 0 as

» If we keep a = 0 and increase b from 0 to 6 > 0 s.t. all
constraints (Ax = b, x = 0) are still fulfilled the objective
value Z will strictly increase.

» For maintaining Ax = b we need e.g. to set s, = 480 — 156.

» Choosing 6 = min{480/15,160/4,1190/20} ensures that in the
new solution one current basic variable becomes 0, and no
variable goes negative.
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» chosen variable should have positive coefficient in objective

function

> apply

test to find out by how much the variable
can be increased
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» the existing basis variable in this row leaves the basis
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» Choose variable with coefficient > 0 as

» If we keep a = 0 and increase b from 0 to 6 > 0 s.t. all
constraints (Ax = b, x = 0) are still fulfilled the objective
value Z will strictly increase.

» For maintaining Ax = b we need e.g. to set s, = 480 — 156.

» Choosing 6 = min{480/15,160/4,1190/20} ensures that in the
new solution one current basic variable becomes 0, and no
variable goes negative.

» The basic variable in the row that gives

min{480/15,160/4, 1190/20} becomes the
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-7Z=0
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=1190
>0

basis = {s¢, Sh, Sm }
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» chosen variable should have positive coefficient in objective

function

> apply

test to find out by how much the variable
can be increased

» pivot on row found by min-ratio test

» the existing basis variable in this row leaves the basis



max Z
13a + 23b

5a + 15b + s
4a + 4b
35a + 20b

+ Sh

+ Sm

a'! b,SC;Sh;Sm

~Z=0
— 480
~ 160
- 1190
>0

basis = {sc, Sh, Sm}

a=b=0
Z =0

sc =480
sp =160
Sm= 1190

max Z

13a + 23b

5a + 15b + s¢

4a + 4b + Sp

35a + 20b + Sm
a, b,sc, S, Sm

basis = {s¢, Sh, Sm}
- 7=0 a=b=0
Z =0
=480
_ sc =480
= LEY sp =160
= 1190 Sm= 1190
>0

» Choose variable with coefficient > 0 as

» If we keep a = 0 and increase b from 0 to 0 > O s.t. all
constraints (Ax = b, x = 0) are still fulfilled the objective
value Z will strictly increase.

» For maintaining Ax = b we need e.g. to set s, = 480 — 156.

» Choosing 0 = min{480/15,160/4,1190/20} ensures that in the
new solution one current basic variable becomes 0, and no
variable goes negative.

» The basic variable in the row that gives
min {480/15,160/4,1190/20} becomes the



max Z
13a + 23b

5a + 15b + s
4a + 4b
35a + 20b

+ Sh

+ Sm

a'! b,SC;Sh;Sm

~Z=0
— 480
~ 160
- 1190
>0

basis = {sc, Sh, Sm}

a=b=0
Z =0

sc =480
sp =160
Sm= 1190

Substitute b = 1—15(480 —5a—s¢).

max Z

13a + 23b

5a + 15b + s¢

4a + 4b + Sp

35a + 20b + Sm
a, b,sc, S, Sm

basis = {s¢, Sh, Sm}
- 7=0 a=b=0
Z =0
=480
_ sc =480
= LEY sp =160
= 1190 Sm= 1190
>0

» Choose variable with coefficient > 0 as

» If we keep a = 0 and increase b from 0 to 0 > O s.t. all
constraints (Ax = b, x = 0) are still fulfilled the objective
value Z will strictly increase.

» For maintaining Ax = b we need e.g. to set s, = 480 — 156.

» Choosing 0 = min{480/15,160/4,1190/20} ensures that in the
new solution one current basic variable becomes 0, and no
variable goes negative.

» The basic variable in the row that gives
min {480/15,160/4,1190/20} becomes the



max Z
13a + 23b -Z=0
5a + 15b + s =480
4a + 4b + Sn =160
35a + 20b + Sm =1190
a , b, sc, sn, Sm >0

basis = {sc, Sh, Sm}

a=b=0
Z =0

sc =480
sp =160
Sm= 1190

Substitute b =

(480 - 5a - s¢).

max Z

23
155¢

1

155¢

4

2sc + Sm

SCJSh’Sm

- Z =-736
=32
=32
=550
=0

max Z basis = {s¢, Sh, Sm}
13a + 23b -7Z=0 a=b=0
Z =0
5a + 15b + s¢ =480
4a + 4b  +sp =160 Se = 480
sp =160
35a + 20b + Sm =1190 Sm= 1190
a , b y Sc » Sho, Sm >0

basis = {b, sy, Sm}

a =5.=0
Z =736
b =32
Sh =32
Sm= 550

» Choose variable with coefficient > 0 as

» If we keep a = 0 and increase b from 0 to 0 > O s.t. all
constraints (Ax = b, x = 0) are still fulfilled the objective
value Z will strictly increase.

» For maintaining Ax = b we need e.g. to set s, = 480 — 156.

» Choosing 0 = min{480/15,160/4,1190/20} ensures that in the
new solution one current basic variable becomes 0, and no
variable goes negative.

» The basic variable in the row that gives
min {480/15,160/4,1190/20} becomes the



-736
32

=32
= 550
>0

basis = {b, sy, Sm}

a =5.=0
Z =736
=32
Sh =32
Sm= 550

basis = {s¢, Sh, Sm }

a=b=0
Z =0

s =480
sp =160
Sm= 1190

max Z
13a + 23b -7Z=0
5a + 15b + s = 480
4a + 4b =160
35a + 20b =1190
a ’ b ’ SC ) Sh, ’ SWL = O
Substitute b = %(480 —5a—S¢).
max Z
%—Ga — f—ésc - Z=-736
3a + b+ 1= =32
%a — %sc =32
a - 3s =550
a ] b L] SC > 0

basis = {b, sy, Sm}

a =s.=0
Z =736
b =32
Sn =32
Sa= 520




%a —%SC - Z=
%a+b+%sc =
%a —%SC+Sh =
%a = %Sc + Sm =
a,b, sc,sn,Sm >

-736
32

32
550
0

basis = {b, sy, Sm}

a =5.=0
Z =736
=32
Sh =32
Sm= 550

Choose variable a to bring into basis.

basis = {s¢, Sh, Sm }

a=b=0
Z =0

s =480
sp =160
Sm= 1190

max Z
13a + 23b -7Z=0
5a + 15b + s = 480
4a + 4b + Su =160
35a + 20b + Sm =1190
a ’ h ’ SC ) Sh, ’ SWL = O
Substitute b = %(480 —5a—S¢).
max Z
13—6a = f—ésc - Z=-736
3a + b+ 1= = 22
%a = %sc + Sn =32
83—561 - %SC + Sm =550
a ’ b 3 SC ] Sh ] Sm > 0

basis = {b, sy, Sm}

a =s.=0
Z =736
b =32
Sn =32
Sa= 520




B, B
%a+b+%sc

%a —%SC+Sh

%a - %SC + Sm
a,b, Sc,Sn, Sm

>

-736
32

32
550
0

basis = {b, sy, Sm}

a =5.=0
Z =736
=32
Sh =32
Sm= 550

Choose variable a to bring into basis.

Computing min{3 - 32,3-32/8,3-550/85} means pivot on line 2.

basis = {s¢, Sh, Sm }

a=b=0
Z =0

s =480
sp =160
Sm= 1190

max Z
13a + 23b -7Z=0
5a + 15b + s = 480
4a + 4b + Su =160
35a + 20b + Sm =1190
a ’ h ’ SC ) Sh, ’ SWL = O
Substitute b = %(480 —5a—S¢).
max Z
13—6a = f—ésc - Z=-736
3a + b+ 1= = 22
%a = %sc + Sn =32
83—561 - %SC + Sm =550
a ’ b 3 SC ] Sh ] Sm > 0

basis = {b, sy, Sm}

a =s.=0
Z =736
b =32
Sn =32
Sa= 520




B, - B
%a+b+%sc

%a —%SC+Sh

%a - %SC + Sm
a,b, Ssc,Sn, Sm

>

-736
32

32
550
0

basis = {b, sy, Sm}

a =5.=0
Z =736
=32
Sh =32
Sm= 550

Choose variable a to bring into basis.

Computing min{3 - 32,3-32/8,3-550/85} means pivot on line 2.
Substitute a = %(32 + %Sc - Sn).

basis = {s¢, Sh, Sm }

a=b=0
Z =0

s =480
sp =160
Sm= 1190

max Z
13a + 23b -7Z=0
5a + 15b + s = 480
4a + 4b + Su =160
35a + 20b + Sm =1190
a ’ h ’ SC ) Sh, ’ SWL = O
Substitute b = %(480 —5a—S¢).
max Z
13—6a = f—ésc - Z=-736
3a + b+ 1= = 22
%a = %sc + Sn =32
83—561 - %SC + Sm =550
a ’ b 3 SC ] Sh ] Sm > 0

basis = {b, sy, Sm}

a =s.=0
Z =736
b =32
Sn =32
Sa= 520




23

ESC - Z
1

155¢

4

TSSC + Sh

2sc + Sm

Sc,Sh,Sm

>

-736
32

32
550
0

basis = {b, sy, Sm}

a =5.=0
Z =736
=32
Sh =32
Sm= 550

Choose variable a to bring into basis.
Computing min{3 - 32,3-32/8,3-550/85} means pivot on line 2.

Substitute a =

2(32 + 155c — Sh).

max Z
b +
a —
a, b,

S¢c — 2sp
1 1
105¢ = 8Sh

1 3
ESC ar gSh

-Z

-800
28
=12
=210
>0

basis = {a, b, s}

Se=85n=0
Z =800
b =28
a =12
Sm= 210

basis = {s¢, Sh, Sm }

a=b=0
Z =0

s =480
sp =160
Sm= 1190

max Z
13a + 23b -7Z=0
5a + 15b + s = 480
4a + 4b + Su =160
35a + 20b + Sm =1190
a ’ h ’ SC ) Sh, ’ SWL = O
Substitute b = %(480 —5a—S¢).
max Z
13—6a = f—ésc - Z=-736
3a + b+ 1= = 22
%a = %sc + Sn =32
83—561 - %SC + Sm =550
a ’ b 3 SC ] Sh ] Sm > 0

basis = {b, sy, Sm}

a =s.=0
Z =736
b =32
Sp =32
Sa= 520




4 Simplex Algorithm

Pivoting stops when all coefficients in the

non-positive.

max Z
basis = {b, sp, Sm}
16 23 1 Shy Sm
?a —ﬁSc —7Z=-736 a=s.=0
1a+Db+ s =32 Z =736
8 4 b =32
S . =a = <=8e F S =32
objective function are 82 12 ¢ h sp =32
a,b, sc,sSn, Sm >0

Choose variable a to bring into basis.
Computing min{3 - 32,3:32/8,3-550/85} means pivot on line 2.
Substitute a = %(32 + %SC — Sh).

Harald Racke

4 Simplex Algorithm

max Z basis = {a, b, sy}
_ Sc — 23]1 —Z=—8OO Sc=5h=0

1 1 =
b+ 155 — §5h =28 £ =500
a - 15Sc+ 3Sn =12 o
a =12
%Sc—%Sh‘f‘Sm =210 Sm= 210

a ] b ] SC il Sh J Sm 20
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4 Simplex Algorithm

Pivoting stops when all coefficients in the

non-positive.

Solution is optimal:

max Z
basis = {D, Sp,Sm}
16 23 »Shs Sm
?a —ﬁSc —7Z=-736 a=s.=0
1a+Db+ s =32 Z =736
8 4 b =32
S . ~a = <=8e F S =32
objective function are 82 12 ¢ h sp =32
a,b, sc,sSn, Sm >0

Choose variable a to bring into basis.
Computing min{3 - 32,3:32/8,3-550/85} means pivot on line 2.
Substitute a = %(32 + %SC — Sh).

Harald Racke

4 Simplex Algorithm

max Z basis = {a, b, sy}
_ Sc — 25]1 — Z = -800 S =5, =0
1 1 =
b+ 155 — §5h =28 £ =500
a - issc+ 3sn =12 .
a =12
3 85
5S¢ — B2Sh + Sm =210 Sm= 210
a ] b ’ SC ) Sh ’ Sm = 0

59/569



4 Simplex Algorithm

Pivoting stops when all coefficients in the objective function are
non-positive.

Solution is optimal:

» any feasible solution satisfies all equations in the tableaux

4 Simplex Algorithm

TN e
Harald Racke

59/569
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=

-736
32

32
550
0

basis = {b, sy, Sm}

a =5=0
Z =736
b =32
Sh =32
Sm= 550

Choose variable a to bring into basis.
Computing min{3 - 32,3:32/8,3-550/85} means pivot on line 2.
Substitute a = %(32 + %SC —Sn).

max Z
b +
a —
a, b,

Sc — 25p
105 = 5%
TIOSC + %Sh

gsg - 8—853h + Sm
Sc Sh 5 Sm

-800
28

=210
>0

basis = {a, b, s }

Se =s,=0
Z =800
b =28
a =12
Sm= 210




4 Simplex Algorithm

Pivoting stops when all coefficients in the objective function are
non-positive.

Solution is optimal:
» any feasible solution satisfies all equations in the tableaux

» in particular: Z = 800 — s, — 25y, S¢ 20,5, =0
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Z =736
b =32
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Choose variable a to bring into basis.
Computing min{3 - 32,3:32/8,3-550/85} means pivot on line 2.
Substitute a = %(32 + %SC —Sn).

max Z
b +
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a, b,

Sc — 25p

105 = 5%
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gsg - 8—853h + Sm
Sc Sh 5 Sm
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4 Simplex Algorithm

Pivoting stops when all coefficients in the objective function are
non-positive.

Solution is optimal:
» any feasible solution satisfies all equations in the tableaux
» in particular: Z = 800 — s, — 25y, S¢ 20,5, =0

» hence optimum solution value is at most 800
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23
15

L
15
4
15
4
3

Se -
Sc

Sc + Sn

Sc + Sm

Sc,Sh,Sm

7 =

=

-736
32

32
550
0

basis = {b, sy, Sm}

a =5=0
Z =736
b =32
Sh =32
Sm= 550

Choose variable a to bring into basis.
Computing min{3 - 32,3:32/8,3-550/85} means pivot on line 2.
Substitute a = %(32 + %SC —Sn).

max Z
b +
a —
a, b,

Sc — 25p
1
105¢ — 8Sh
3
Sc — %Sh + Sm

Sh;Sm

-800
28

=210
>0

basis = {a, b, s }

Se =s,=0
Z =800
b =28
a =12
Sm= 210




4 Simplex Algorithm

Pivoting stops when all coefficients in the objective function are
non-positive.

Solution is optimal:
» any feasible solution satisfies all equations in the tableaux
» in particular: Z = 800 — s, — 25y, S¢ 20,5, =0
» hence optimum solution value is at most 800

» the current solution has value 800
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23
155¢

1

155¢

4

ESC I Sh
3sc + Sm

Sc,Sh,Sm

7 =

=

-736
32

32
550
0

basis = {b, sy, Sm}

a =5=0
Z =736
b =32
Sh =32
Sm= 550

Choose variable a to bring into basis.
Computing min{3 - 32,3:32/8,3-550/85} means pivot on line 2.
Substitute a = %(32 + %SC —Sn).

max Z
b +
a —
a, b,

Sc — 25p

105 = 5%

TIOSC + %Sh

gsg - 8—853h + Sm
Sc Sh 5 Sm

-800
28

=210
>0

basis = {a, b, s }

Se =s,=0
Z =800
b =28
a =12
Sm= 210




Matrix View
Let our linear program be

chB + C](]XN = 7
Apxp + ANXN = b
XB y xy = 0

m EADS Il 4 Simplex Algorithm
Harald Racke 60/569

4 Simplex Algorithm

Pivoting stops when all coefficients in the objective function are
non-positive.

Solution is optimal:
» any feasible solution satisfies all equations in the tableaux
» in particular: Z = 800 — s, — 2sp, S¢ = 0,5, = 0
» hence optimum solution value is at most 800
» the current solution has value 800

EADS Il 4 Simplex Algorithm
Harald Racke

59



Matrix View
Let our linear program be

C;XB +  CNXN

Apxp + ANXN
XB XN

The simplex tableaux for basis B is

IXB

XB

+

(ch — cEAgtAN) XN
AE]ANXN
XN

%

v

Ny

T
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4 Simplex Algorithm

Pivoting stops when all coefficients in the objective function are
non-positive.

Solution is optimal:
» any feasible solution satisfies all equations in the tableaux
» in particular: Z = 800 — s, — 2sp, S¢ = 0,5, = 0
» hence optimum solution value is at most 800

» the current solution has value 800
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Matrix View
Let our linear program be

C;XB +  CNXN

Apxp + ANXN
XB XN

The simplex tableaux for basis B is

The BFS is given by xy = 0, xp = Aglb.

IXB

XB

+

(ch — cEAgtAN) XN
AE]ANXN
XN

%

v

Ny

T
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4 Simplex Algorithm

Pivoting stops when all coefficients in the objective function are
non-positive.

Solution is optimal:
» any feasible solution satisfies all equations in the tableaux
» in particular: Z = 800 — s, — 2sp, S¢ = 0,5, = 0
» hence optimum solution value is at most 800

» the current solution has value 800
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Matrix View
Let our linear program be

ckxp + chxy = Z
Apxp + Anxn = b
XB y xy = 0
The simplex tableaux for basis B is
Ixp + AglAyxy = Ag'b
XB xy = 0

The BFS is given by xy = 0, xp = Agllo.

If (cf; — cf Azt An) < 0 we know that we have an optimum
solution.
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4 Simplex Algorithm

Pivoting stops when all coefficients in the objective function are
non-positive.

Solution is optimal:
» any feasible solution satisfies all equations in the tableaux
» in particular: Z = 800 — s, — 2sp, S¢ = 0,5, = 0
» hence optimum solution value is at most 800

» the current solution has value 800
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Geometric View of Pivoting Matrix View
Let our linear program be

max 13a + 23b

s.t. 5a + 15b + s, =480 T T .
4a + 4b + Sn =160 CgXp + CNXN = Z
35a + 20b + Sm = 1190 Apxp + ANXN = D
a, b, sc,Sh,Sm=0 Xp , XN = 0
The simplex tableaux for basis B is
= T T A-1 _ =1
< Ixp + AglAnxn = Aglb
XB , xy = 0
. . ~1
\ The BFS is given by xy = 0,xp = A; " b.
\ If (cf; — cfAgtAN) < 0 we know that we have an optimum

—T solution.
ale
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Geometric View of Pivoting Matrix View
Let our linear program be

max 13a + 23b

s.t. 5a + 15b + s, =480 T T .
4a + 4b + Sn =160 CgXp + CNXN = Z
35a + 20b + Sm = 1190 Apxp + ANXN = D
a, b, sc,Sh,Sm=0 Xp , XN = 0
The simplex tableaux for basis B is
- T T A-1 =i
< Ixp + AglAnxn = Aglb
XB , xy = 0
\ The BFS is given by xy = 0, xp = Aglb.
{ : \ If (cf; — cfAgtAN) < 0 we know that we have an optimum
Scy Shy Sm

—([ solution.
ale
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Geometric View of Pivoting

{b, sh, sSm}O

beer

max 13a + 23b

s.t. 5a + 15b + s¢ =480
4a + 4b + Sp =160
35a + 20b + S, = 1190

a ., b,sc,Sh,Ssm=0

{Scs Shy Sm} \

ale

Matrix View

Let our linear program be

T

ckxp + chxy = Z
Apxp + ANXN = D
X xny = 0
The simplex tableaux for basis B is
(ch —cEAg'AN)XN = Z-ciAR'D
Ixp + AglAnxn = Az'b
XB , xy = 0

The BFS is given by xy = 0, xp = Aglb.

If (cf; — cfAgtAN) < 0 we know that we have an optimum
solution.
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Geometric View of Pivoting Matrix View

Let our linear program be
max 13a + 23b
s.t. 5a + 15b + s, =480 T T .
4a + 4b + Sn =160 CgXp + CNXN = Z
35a + 20b + Sm = 1190 Apxp + ANXN = D
a, b,sc,sn,sm=0 >
{b, Sh, Sm} XB xy = 0
The simplex tableaux for basis B is
e T T A-1 _ =1
< Ixp + AglAnxn = Aglb
XB ) XN = O
\ The BFS is given by xy = 0, xp = Aglb.
{ : \ If (cf; — cf Azt AN) < 0 we know that we have an optimum
Scy Shy S .
— solution.
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Geometric View of Pivoting Matrix View
Let our linear program be

max 13a + 23b

s.t. 5a + 15b + s, =480 T T .
4a + 4b + Sn =160 CgXp + CNXN = Z
35a + 20b + Sm = 1190 Apxp + ANXN = D
a, b, sc,Sh,Sm=0 Xp , XN = 0
The simplex tableaux for basis B is
- T T A-1 =i
< Ixp + AglAnxn = Aglb
XB , xy = 0
\ The BFS is given by xy = 0, xp = Aglb.
{ : \ If (cf; — cfAgtAN) < 0 we know that we have an optimum
Scy Shy Sm

—([ solution.
ale
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Geometric View of Pivoting

beer

max 13a + 23b

Sl

S5a + 15b + s¢

4a + 4b
35a + 20b

a,

b, sc

+ Sn

» Sh

=480

=160
+ sm = 1190
S Sm =0

\

{Scs Shy Sm}

ale

{a, s¢, sn}

Matrix View
Let our linear program be

CIJ;XB + CNXN =

i\]
|
N

Apxp + ANXN = D
X xy = 0
The simplex tableaux for basis B is
(ch —cEAg'AN)XN = Z-ciAR'D
Ixp + AglAnxn = Az'b
XB ) XN = O

The BFS is given by xy = 0, xp = Aglb.

If (cf; — cfAgtAN) < 0 we know that we have an optimum
solution.
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Geometric View of Pivoting

beer

max 13a + 23b

Sl

5a + 15b + s, =480
4a + 4b + Sp =160
35a + 20b + S, = 1190

a

)

b, sc,Sh,Sm=0

{Scs Shy Sm}

ale

{a, sc, sn}

Matrix View
Let our linear program be

ckxp + chxy = Z
Apxp + ANXN = D
X xny = 0
The simplex tableaux for basis B is
(ch —cEAg'AN)XN = Z-ciAR'D
Ixp + AglAnxn = Az'b
XB ) XN = O

The BFS is given by xy = 0, xp = Aglb.

If (cf; — cfAgtAN) < 0 we know that we have an optimum
solution.
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Geometric View of Pivoting Matrix View
Let our linear program be

max 13a + 23b

s.t. 5a + 15b + s¢ =480 T T .
4a + 4b + sn =160 CpXp + CNXN = Z
35a + 20b + S, = 1190 Apxp + ANXN = D

b,sc,sh,sm=0 XBp xy = 0
The simplex tableaux for basis B is
— T T -1 _ _ =l
Ixp + AR ANXN = AE b
\ XB , xy = 0
{a,b,s.}

The BFS is given by xy = 0,xp = Az'b.

{ } If (cf; — cfAgtAN) < 0 we know that we have an optimum
Scy Shy Sm .
| ale {a, 5e» Sn} solution.
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Algebraic Definition of Pivoting Geometric View of Pivoting

max 13a + 23b
» . . . *- a
Given basis B with BFS x , > S s — 480
s 4a + 4b + Sh =160
35a + 20b + sm = 1190
a, b,sc,Sn,Ssm=0
2orn \
\ \
{a,b, sm} M
~——
5 T~
()
{a,b,s \\
{Sc, Sh, Sm}

| | ‘ ale {a, s, sn}
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Algebraic Definition of Pivoting Geometric View of Pivoting

max 13a + 23b
. Ci . . « .
Given basis B with BFS x*. ) 3 o e 15D 6 480
» Choose index j ¢ B in order to increase x;‘ from 0 to 6 > 0. e 4a + 4b + sy =160
35a + 20b + Sm = 1190
a, b,sc,Sn,Ssm=0
) \
\ \
{a,b, sm} &
~—_
3 T~
()
{a,b,s \\
{Scs Shy Sm}

| ‘ ‘ ‘ {a, sc, sn}
, ale <
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Algebraic Definition of Pivoting

» Given basis B with BFS x*.

» Choose index j ¢ B in order to increase x}k from 0 to 6 > 0.
» Other non-basis variables should stay at 0.

T
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Geometric View of Pivoting

beer

max 13a + 23b

s.t. S5a + 15b + s

4a + 4b
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Algebraic Definition of Pivoting

» Given basis B with BFS x*.

» Choose index j ¢ B in order to increase x}k from 0 to 6 > 0.

» Other non-basis variables should stay at 0.
» Basis variables change to maintain feasibility.

T
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Geometric View of Pivoting
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Algebraic Definition of Pivoting

» Given basis B with BFS x*.

» Choose index j ¢ B in order to increase x}k from 0 to 6 > 0.

» Other non-basis variables should stay at 0.
» Basis variables change to maintain feasibility.

» Go from x* to x* + 0 - d.
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Geometric View of Pivoting
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Algebraic Definition of Pivoting

Requirements for d:

» Given basis B with BFS x*.

» Choose index j ¢ B in order to increase x}k from 0 to 6 > 0.

» Other non-basis variables should stay at 0.
» Basis variables change to maintain feasibility.

» Go from x* to x* + 0 - d.

» d; =1 (normalization)

T
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Algebraic Definition of Pivoting

» Given basis B with BFS x*.

» Choose index j ¢ B in order to increase x}k from 0 to 6 > 0.

» Other non-basis variables should stay at 0.
» Basis variables change to maintain feasibility.

» Go from x* to x* + 0 - d.

Requirements for d:

» d; =1 (normalization)

»dp=0,0¢B, L+j

T
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Algebraic Definition of Pivoting

» Given basis B with BFS x*.

» Choose index j ¢ B in order to increase x}k from 0 to 6 > 0.

» Other non-basis variables should stay at 0.
» Basis variables change to maintain feasibility.

» Go from x* to x* + 0 - d.

Requirements for d:

» d; =1 (normalization)

»dp=0,0¢B, L+j

» A(x* + 0d) = b must hold. Hence Ad = 0.
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Algebraic Definition of Pivoting

» Given basis B with BFS x*.

» Choose index j ¢ B in order to increase x}k from 0 to 6 > 0.

» Other non-basis variables should stay at 0.
» Basis variables change to maintain feasibility.

» Go from x* to x* + 0 - d.

Requirements for d:

» d; =1 (normalization)
dp=0,{¢B, 0 +j
A(x* 4+ 0d) = b must hold. Hence Ad = 0.

Altogether: Apdp + A, ; = Ad = 0, which gives
dp = —AglA*j.

v
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Algebraic Definition of Pivoting Algebraic Definition of Pivoting

» Given basis B with BFS x*.
» Choose index j ¢ B in order to increase x}k from 0 to 6 > 0.

Definition 26 (i-th L .
efinition 26 _(J ! ba5|s‘d|rect|on) ] » Other non-basis variables should stay at 0.
Let B be a basis, and let j ¢ B. Thf vector d with d; = 1 and » Basis variables change to maintain feasibility.

dp=0,0¢B,{+jand dp = —Ap A, is called the j-th basis > Go from x* to x* + 0 - d.

direction for B.

Requirements for d:
» d; =1 (normalization)
» dp=0,0¢B, 0 +j
» A(x* + 60d) = b must hold. Hence Ad = 0.
» Altogether: Apdp + A, = Ad = 0, which gives
dp = —AglA;.
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Algebraic Definition of Pivoting Algebraic Definition of Pivoting

» Given basis B with BFS x*.
» Choose index j ¢ B in order to increase x}k from 0 to 6 > 0.

Definition 26 (i-th L .
efinition 26 _(J ! ba5|s‘d|rect|on) ] » Other non-basis variables should stay at 0.
Let B be a basis, and let j ¢ B. Thf vector d with d; = 1 and » Basis variables change to maintain feasibility.

dp=0,0¢B,{+jand dp = —Ap A, is called the j-th basis > Go from x* to x* + 0 - d.

direction for B.

Going from x* to x* + 0 - d the objective function changes by Requirements for d:
» d; =1 (normalization)
0-c'd=0(cj—cyAg'Asj) »dp=0,0¢B, L +j
» A(x* + 60d) = b must hold. Hence Ad = 0.
» Altogether: Apdp + Ay = Ad = 0, which gives
dp = —AglA*j.
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Algebraic Definition of Pivoting

Definition 27 (Reduced Cost)
For a basis B the value

_ T p-1 .
j=Cj—CpAp Axj

el

is called the reduced cost for variable x;.

Note that this is defined for every j. If j € B then the above term
is 0.
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Algebraic Definition of Pivoting

Definition 26 (j-th basis direction)

Let B be a basis, and let j ¢ B. The vector d with d; = 1 and
dy=0,0¢ B, L+ jand dg = —Az'A,; is called the j-th basis
direction for B.

Going from x* to x* + 6 - d the objective function changes by

0-cTd=0(cj— cfAg'Ayj)
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Algebraic Definition of Pivoting

Let our linear program be

C};XB

Apxp
XB

T

+ CNXN
+ AnNXN
) XN

%

S N

Algebraic Definition of Pivoting

Definition 27 (Reduced Cost)
For a basis B the value

I e

is called the reduced cost for variable x;.

Note that this is defined for every j. If j € B then the above term
is O.
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Algebraic Definition of Pivoting
Let our linear program be

chg + C{,xN = 7
Apxp + Anxn = b
XB y xy = 0

The simplex tableaux for basis B is

(ch —ctAR*ANXN = Z-ciAR'D
Ixp + AglAnxn = Ag'b
XB xy = 0

Algebraic Definition of Pivoting

Definition 27 (Reduced Cost)
For a basis B the value

I e

is called the reduced cost for variable x;.

Note that this is defined for every j. If j € B then the above term
is O.
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XB y xy = 0

The simplex tableaux for basis B is

(ch —ctAR*ANXN = Z-ciAR'D
Ixp + AglAnxn = Ag'b
XB xy = 0

The BFS is given by xy = 0, xp = Aglb.
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For a basis B the value
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Algebraic Definition of Pivoting
Let our linear program be

chg + C](]XN = 7
Apxp + AnxN = b
XB y XN = 0
The simplex tableaux for basis B is
Ixp + AglAnxn = Aglb
XB y XN = 0

The BFS is given by xy = 0, xp = Aglb.

If (cf; — cfAgtAN) < 0 we know that we have an optimum
solution.
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4 Simplex Algorithm Algebraic Definition of Pivoting
Let our linear program be

Questions: ngB + CJEXN = 7
Apxp + ANXN = D
XB y xy = 0
The simplex tableaux for basis B is
(ckh —ckAg'AN)XN = Z-ciAR'D
Ixp + AglAnxn = Az'b
XB , xy = 0

The BFS is given by xy = 0,xp = Az'b.

If (cf; — cfAgtAN) < 0 we know that we have an optimum
solution.
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4 Simplex Algorithm Algebraic Definition of Pivoting
Let our linear program be

Questions: cixpg + chxn = Z
» What happens if the min ratio test fails to give us a value 0 Apxp + AnxN = b
by which we can safely increase the entering variable? XBp xy = 0
The simplex tableaux for basis B is
(ckh —ckAg'AN)XN = Z-ciAR'D
Ixp + AglAnxn = Az'b
XB , xy = 0

The BFS is given by xy = 0,xp = Az'b.

If (cf; — cfAgtAN) < 0 we know that we have an optimum
solution.
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» What happens if the min ratio test fails to give us a value 0 Apxp + AnxN = b
by which we can safely increase the entering variable? X xy = 0
» How do we find the initial basic feasible solution?
The simplex tableaux for basis B is
(ckh —ckAg'AN)XN = Z-ciAR'D
Ixp + AglAnxn = Az'b
XB , xy = 0

The BFS is given by xy = 0,xp = Az'b.
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4 Simplex Algorithm

Questions:

» What happens if the min ratio test fails to give us a value 0
by which we can safely increase the entering variable?

» How do we find the initial basic feasible solution?
» Is there always a basis B such that

(ch—clAz'AN) <0 ?

Then we can terminate because we know that the solution is
optimal.
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CgXp + CyXN = Z
Apxp + ANXN = b
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4 Simplex Algorithm

Questions:

» What happens if the min ratio test fails to give us a value 0
by which we can safely increase the entering variable?

» How do we find the initial basic feasible solution?
» Is there always a basis B such that

(ch—clAz'AN) <0 ?

Then we can terminate because we know that the solution is
optimal.

» If yes how do we make sure that we reach such a basis?
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Algebraic Definition of Pivoting
Let our linear program be
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Min Ratio Test

The min ratio test computes a value 6 > 0 such that after setting
the entering variable to 6 the leaving variable becomes 0 and all
other variables stay non-negative.

4 Simplex Algorithm

Questions:

» What happens if the min ratio test fails to give us a value 0
by which we can safely increase the entering variable?

» How do we find the initial basic feasible solution?
» Is there always a basis B such that

(ch —ctAz'AN) <0 ?

Then we can terminate because we know that the solution is
optimal.

» If yes how do we make sure that we reach such a basis?
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Min Ratio Test 4 Simplex Algorithm

The min ratio test computes a value 6 > 0 such that after setting

the entering variable to 6 the leaving variable becomes 0 and all Questions:

other variables stay non-negative. » What happens if the min ratio test fails to give us a value 0

_ _ ' by which we can safely increase the entering variable?
For this, one computes b;/A;, for all constraints i and calculates i o ) ) )

. L » How do we find the initial basic feasible solution?
the minimum positive value.

» Is there always a basis B such that
(ch —ctAz'AN) <0 ?

Then we can terminate because we know that the solution is
optimal.

» If yes how do we make sure that we reach such a basis?

EADS Il 4 Simplex Algorithm
Harald Racke



Min Ratio Test 4 Simplex Algorithm

The min ratio test computes a value 6 > 0 such that after setting
the entering variable to 6 the leaving variable becomes 0 and all Questions:

other variables stay non-negative. » What happens if the min ratio test fails to give us a value 0

_ _ ' by which we can safely increase the entering variable?
For this, one computes b;/A;, for all constraints i and calculates

o " » How do we find the initial basic feasible solution?
the minimum positive value.

» Is there always a basis B such that
What does it mean that the ratio b;/A;. (and hence A;,) is . _——
negative for a constraint? (cy —cgAp"AnN) <0 7

Then we can terminate because we know that the solution is
optimal.

» If yes how do we make sure that we reach such a basis?
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Min Ratio Test 4 Simplex Algorithm

The min ratio test computes a value 6 > 0 such that after setting
the entering variable to 6 the leaving variable becomes 0 and all Questions:

other variables stay non-negative. » What happens if the min ratio test fails to give us a value 0

_ _ ' by which we can safely increase the entering variable?
For this, one computes b;/A;, for all constraints i and calculates

o " » How do we find the initial basic feasible solution?
the minimum positive value.
» Is there always a basis B such that

What does it mean that the ratio b;/A;. (and hence A;,) is

T _ T -1 5

negative for a constraint? (cy —cgAg AN) =0 7

This means that the corresponding basic variable will increase if The.n wle Gl Wermiineie Because we o dhei dne sellden is
we increase b. Hence, there is no danger of this basic variable SBUEY

becoming negative » If yes how do we make sure that we reach such a basis?
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Min Ratio Test 4 Simplex Algorithm

The min ratio test computes a value 6 > 0 such that after setting
the entering variable to 6 the leaving variable becomes 0 and all Questions:

other variables stay non-negative. » What happens if the min ratio test fails to give us a value 0

_ _ ' by which we can safely increase the entering variable?

For this, one computes b;/A;, for all constraints i and calculates i o ) ) )
. L » How do we find the initial basic feasible solution?

the minimum positive value.

» Is there always a basis B such that

What does it mean that the ratio b;/A;. (and hence A;,) is

T _ T -1 5

negative for a constraint? (cy —cgAg AN) =0 7

This means that the corresponding basic variable will increase if The.n wle Gl Wermiineie Because we o dhei dne sellden is
we increase b. Hence, there is no danger of this basic variable SBUEY

becoming negative » If yes how do we make sure that we reach such a basis?

What happens if all b;/A;, are negative? Then we do not have a
leaving variable.
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Min Ratio Test

The min ratio test computes a value 6 > 0 such that after setting
the entering variable to 6 the leaving variable becomes 0 and all
other variables stay non-negative.

For this, one computes b;/A;, for all constraints i and calculates
the minimum positive value.

What does it mean that the ratio b;/A;. (and hence A;,) is
negative for a constraint?

This means that the corresponding basic variable will increase if
we increase b. Hence, there is no danger of this basic variable
becoming negative

What happens if all b;/A;, are negative? Then we do not have a
leaving variable. Then the LP is unbounded!

4 Simplex Algorithm

Questions:

>

What happens if the min ratio test fails to give us a value 0
by which we can safely increase the entering variable?

How do we find the initial basic feasible solution?
Is there always a basis B such that

(ch —ctAz'AN) <0 ?

Then we can terminate because we know that the solution is
optimal.

If yes how do we make sure that we reach such a basis?
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T

EADS Il
Harald Racke

4 Simplex Algorithm

68/569

Min Ratio Test

The min ratio test computes a value @ > 0 such that after setting
the entering variable to 6 the leaving variable becomes 0 and all
other variables stay non-negative.

For this, one computes b;/A;, for all constraints i and calculates
the minimum positive value.

What does it mean that the ratio b;/A;. (and hence A;,) is
negative for a constraint?

This means that the corresponding basic variable will increase if
we increase b. Hence, there is no danger of this basic variable
becoming negative

What happens if all b;/A;, are negative? Then we do not have a
leaving variable. Then the LP is unbounded!



Termination Min Ratio Test

The min ratio test computes a value @ > 0 such that after setting
the entering variable to 6 the leaving variable becomes 0 and all
other variables stay non-negative.

The objective function does not decrease during one iteration of For this, one computes b;/Aj, for all constraints i and calculates
the simplex-algorithm. the minimum positive value.

What does it mean that the ratio b;/A;. (and hence A;,) is
negative for a constraint?

This means that the corresponding basic variable will increase if
we increase b. Hence, there is no danger of this basic variable
becoming negative

What happens if all b;/A;, are negative? Then we do not have a
leaving variable. Then the LP is unbounded!
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Termination Min Ratio Test

The min ratio test computes a value @ > 0 such that after setting
the entering variable to 6 the leaving variable becomes 0 and all
other variables stay non-negative.

The objective function does not decrease during one iteration of For this, one computes b;/A;, for all constraints i and calculates
the simplex-algorithm. the minimum positive value.
Does it always increase? What does it mean that the ratio b;/A;. (and hence A;,) is

negative for a constraint?

This means that the corresponding basic variable will increase if
we increase b. Hence, there is no danger of this basic variable
becoming negative

What happens if all b;/A;, are negative? Then we do not have a
leaving variable. Then the LP is unbounded!
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Termination

The objective function may not increase!
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Termination

The objective function does not decrease during one iteration of
the simplex-algorithm.

Does it always increase?
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Termination

The objective function may not increase!

Because a variable x, with £ € B is already 0.
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Termination

The objective function does not decrease during one iteration of
the simplex-algorithm.

Does it always increase?
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Termination Termination

The objective function may not increase!
Because a variable x, with £ € B is already 0.

i iti i ner is i . . . . . .
The set of inequalities is degenerate (also the basis is The objective function does not decrease during one iteration of

degenerate). the simplex-algorithm.
Definition 28 (Degeneracy) Does it always increase?
A BFS x* is called degenerate if the set J = {j | xjf > 0} fulfills
lJ] < m.
| ‘m EADS Il 4 Simplex Algorithm EADS Il 4 Simplex Algorithm
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Termination Termination

The objective function may not increase!
Because a variable x, with £ € B is already 0.

i iti i ner is i . . . . . .
The set of inequalities is degenerate (also the basis is The objective function does not decrease during one iteration of

degenerate). the simplex-algorithm.
Definition 28 (Degeneracy) Does it always increase?
A BFS x* is called degenerate if the set J = {j | xjf > 0} fulfills

lJl <m.

It is possible that the algorithm cycles, i.e., it cycles through a
sequence of different bases without ever terminating. Happens,
very rarely in practise.
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Non Degenerate Example Termination

max 13a + 23b The objective function may not increase!
s.t. 5a + 15b + s¢ =480
da+ 4b s = 160 Because a variable x; with £ € B is already 0.
35a + 20b + Sm = 1190 ’
a, b, sc,Sh,Sm=0

The set of inequalities is degenerate (also the basis is
degenerate).

beer

Definition 28 (Degeneracy)
A BFS x* is called degenerate if the set J = {j | x;-‘ > 0} fulfills
|JI <m.

It is possible that the algorithm cycles, i.e., it cycles through a
sequence of different bases without ever terminating. Happens,

| ale very rarely in practise.
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Degenerate Example

beer

max 13a + 23b

s.t. 5a + 15b + s, =480
80/17-a + 4b + sp =160
35a + 20b + Sm = 1190

a, b,Sc,Sh,Sm=0
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Summary: How to choose pivot-elements Degenerate Example

max 13a + 23b

» We can choose a column e as an entering variable if ¢, > 0 ot S _ 480
L. 3 -
(€, is reduced cost for x,). 80/17-a + 4b ¥ 5 - 160
35a + 20b + Sm = 1190
a, b,sc,sn,sm=0

beer

~—

\ {a, b, sc}

[ tser snosm} ‘ ale L f{a,se,sn)

‘m EADS Il 4 Simplex Algorithm
Harald Racke 72/569



Summary: How to choose pivot-elements Degenerate Example

max 13a + 23b

» We can choose a column ¢ as an entering variable if ¢, > 0 ot Sa + 15b + s, — 480

(€, is reduced cost for x,). 80/17-a + 4b ¥ 5 - 160

» The standard choice is the column that maximizes é,. 35a +20b + Sm = 1190
a, b,sc,sn,sm=20
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Summary: How to choose pivot-elements Degenerate Example

. X e max 13a + 23b
» We can choose a column e as an entering variable if ¢, > 0

s.t. 5a + 15b + s, =480
(€, is reduced cost for x,). 80/17-a + 4b ¥ 5 - 160
» The standard choice is the column that maximizes ¢é.. 35a + 20b + Sm = 1190
, . . a, b,sc,sn,sm=20
» If Aj, <O forallie {1,...,m} then the maximum is not
bounded.

beer
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, . . a, b,sc,sn,sm=20
» If Aj, <O forallie {1,...,m} then the maximum is not
bounded.

» Otw. choose a leaving variable £ such that by/Ay, is
minimal among all variables i with A;, > 0.
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. X e max 13a + 23b
» We can choose a column e as an entering variable if ¢, > 0

s.t. 5a + 15b + s, =480
(€, is reduced cost for x,). 80/17-a + 4b ¥ sp - 160
» The standard choice is the column that maximizes ¢é.. 35a + 20b + Sm = 1190
, . . a, b,sc,sn,sm=20
» If Aj, <O forallie {1,...,m} then the maximum is not
bounded.

» Otw. choose a leaving variable £ such that by/Ay, is
minimal among all variables i with A;, > 0.

beer

T~—

> If several variables have minimum by/ Ay, you reach a
degenerate basis.

» Depending on the choice of £ it may happen that the
algorithm runs into a cycle where it does not escape from a
degenerate vertex. _T '
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Termination Summary: How to choose pivot-elements

» We can choose a column e as an entering variable if ¢, > 0
(¢, is reduced cost for x,).
What do we have so far? =

The standard choice is the column that maximizes ¢é,.
Suppose we are given an initial feasible solution to an LP. If the

i ) i ) » If Aj, <Oforallie {1,...,m} then the maximum is not
LP is non-degenerate then Simplex will terminate.
bounded.
Note that we either terminate because the min-ratio test fails > Otw. choose a leaving variable ¢ such that by/Ay, is
and we can conclude that the LP is , Or we terminate minimal among all variables i with A;, > 0.
because the vector of reduced cost is non-positive. In the latter » If several variables have minimum by/Ay, you reach a
case we have an . basis.

» Depending on the choice of £ it may happen that the
algorithm runs into a cycle where it does not escape from a
degenerate vertex.
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Termination

How do we come up with an initial solution?

» Ax <b,x>0,and b = 0.
What do we have so far?
Suppose we are given an initial feasible solution to an LP. If the
LP is non-degenerate then Simplex will terminate.

Note that we either terminate because the min-ratio test fails
and we can conclude that the LP is , Or we terminate
because the vector of reduced cost is non-positive. In the latter
case we have an
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How do we come up with an initial solution?

» Ax <b,x>0,and b = 0.

» The standard slack from for this problem is
Ax +Is =b,x =0,s = 0, where s denotes the vector of
slack variables.
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» Ax <b,x>0,and b = 0.

» The standard slack from for this problem is
Ax +Is =b,x =0,s = 0, where s denotes the vector of
slack variables.

» Then s = b, x = 0 is a basic feasible solution (how?).

» We directly can start the simplex algorithm.

How do we find an initial basic feasible solution for an arbitrary
problem?
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Two phase algorithm

T
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How do we come up with an initial solution?

» Ax <b,x>=0,and b = 0.

» The standard slack from for this problem is
Ax +1Is =b,x = 0,s = 0, where s denotes the vector of
slack variables.

» Then s = b, x = 0 is a basic feasible solution (how?).
» We directly can start the simplex algorithm.

How do we find an initial basic feasible solution for an arbitrary
problem?
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Two phase algorithm

How do we come up with an initial solution?

» Ax <b,x>0,and b = 0.

» The standard slack from for this problem is
Ax +1Is =b,x = 0,s = 0, where s denotes the vector of
slack variables.

Suppose we want to maximize ¢'x s.t. Ax = b, x > 0.

1. Multiply all rows with b; < 0 by —1.
» Then s = b, x = 0 is a basic feasible solution (how?).
» We directly can start the simplex algorithm.

How do we find an initial basic feasible solution for an arbitrary
problem?
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Two phase algorithm

Suppose we want to maximize ¢'x s.t. Ax = b, x > 0.

1. Multiply all rows with b; < 0 by —1.

2. maximize — > ;v;s.t. Ax +Iv = b, x >0, v > 0 using
Simplex. x = 0, v = b is initial feasible.
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How do we come up with an initial solution?

» Ax <b,x>0,and b = 0.

The standard slack from for this problem is
Ax +1Is =b,x = 0,s = 0, where s denotes the vector of
slack variables.

v

v

Then s = b, x = 0 is a basic feasible solution (how?).

v

We directly can start the simplex algorithm.

How do we find an initial basic feasible solution for an arbitrary
problem?
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Two phase algorithm

Suppose we want to maximize ¢'x s.t. Ax = b, x > 0.

1. Multiply all rows with b; < 0 by —1.

2. maximize — > ;v;s.t. Ax +Iv = b, x >0, v > 0 using
Simplex. x = 0, v = b is initial feasible.

3. If >}; v; > 0 then the original problem is infeasible.
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How do we come up with an initial solution?

>

v

v

v

Ax <b,x>0,and b > 0.

The standard slack from for this problem is
Ax +1Is =b,x = 0,s = 0, where s denotes the vector of
slack variables.

Then s = b, x = 0 is a basic feasible solution (how?).
We directly can start the simplex algorithm.

How do we find an initial basic feasible solution for an arbitrary
problem?
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Two phase algorithm

Suppose we want to maximize ¢'x s.t. Ax = b, x > 0.

1. Multiply all rows with b; < 0 by —1.

2. maximize — > ;v;s.t. Ax +Iv = b, x >0, v > 0 using
Simplex. x = 0, v = b is initial feasible.

3. If >}; v; > 0 then the original problem is infeasible.

4. Otw. you have x > 0 with Ax = b.
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Two phase algorithm

Suppose we want to maximize ¢'x s.t. Ax = b, x > 0.

1. Multiply all rows with b; < 0 by —1.

2. maximize — > ;v;s.t. Ax +Iv = b, x >0, v > 0 using
Simplex. x = 0, v = b is initial feasible.

3. If >}; v; > 0 then the original problem is infeasible.
4. Otw. you have x > 0 with Ax = b.

5. From this you can get basic feasible solution.
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Ax +1Is =b,x = 0,s = 0, where s denotes the vector of
slack variables.
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Two phase algorithm

How do we come up with an initial solution?

» Ax <b,x>0,and b = 0.

» The standard slack from for this problem is

Ax +1s =b,x = 0,5 = 0, where s denotes the vector of
2. maximize — > ;v;s.t. Ax +Iv = b, x >0, v > 0 using slack variables.

Simplex. x = 0, v = b is initial feasible.

Suppose we want to maximize ¢'x s.t. Ax = b, x > 0.

1. Multiply all rows with b; < 0 by —1.

» Thens = b, x =0 is a basic feasible solution (how?).

3. If >} v; > 0 then the original problem is infeasible. > We directly can start the simplex algorithm.

4. Otw. you have x > 0 with Ax = b.

5. From this you can get basic feasible solution. How do we find an initial basic feasible solution for an arbitrary
6. problem?

Now you can start the Simplex for the original problem.
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Optimality Two phase algorithm

Suppose we want to maximize ¢’ x s.t. Ax = b, x = 0.

1. Multiply all rows with b; < 0 by —1.

N

Lemma 29 maximize — > ; v; s.t. Ax + [v = b, x > 0, v > 0 using
Let B be a basis and x* a BFS corresponding to basis B. ¢ <0 Simplex. x = 0, v = b is initial feasible.

implies th * jsan imum solution he LP. . L .
plies that x = is an optimum solution to the If >; v; > 0 then the original problem is infeasible.

Otw. you have x > 0 with Ax = b.

From this you can get basic feasible solution.

o G g ¥

Now you can start the Simplex for the original problem.
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Duality

How do we get an upper bound to a maximization LP?

max 13a + 23b
s.t. 5a + 15b <480
4a + 4b <160
35a + 20b <1190
a,b >0
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Duality

How do we get an upper bound to a maximization LP?

max 13a + 23b
s.t. 5a + 15b <480
4a + 4b <160
35a + 20b <1190
a,b >0

Note that a lower bound is easy to derive. Every choice of
a,b > 0 gives us a lower bound (e.g. a = 12,b = 28 gives us a
lower bound of 800).
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Duality

How do we get an upper bound to a maximization LP?

max 13a + 23b
s.t. 5a + 15b <480
4a + 4b <160
35a + 20b <1190
a,b >0

Note that a lower bound is easy to derive. Every choice of
a,b > 0 gives us a lower bound (e.g. a = 12,b = 28 gives us a
lower bound of 800).

If you take a conic combination of the rows (multiply the i-th row
with y; = 0) such that >; y;a;; = cj then > ; y;b; will be an
upper bound.
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Duality

Definition 30
Let z = max{c’x | Ax < b,x = 0} be a linear program P (called
the primal linear program).

The linear program D defined by
w=min{bTy | ATy = ¢,y =0}

is called the dual problem.

Duality

How do we get an upper bound to a maximization LP?

max 13a
s.t. Sa
4a

35a

Note that a lower bound is easy to derive. Every choice of
a,b > 0 gives us a lower bound (e.g. a = 12, b = 28 gives us a

lower bound of 800).

If you take a conic combination of the rows (multiply the i-th row
with y; = 0) such that >; y;a;; > cj then > ; y;b; will be an

upper bound.
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23b

15b < 480
4b <160
20b <1190
a,b >0
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Duality Duality

Lemma 31
The dual of the dual problem is the primal problem. Definition 30

Let z = max{c’x | Ax < b,x = 0} be a linear program P (called
the primal linear program).
The linear program D defined by

w=min{bTy | ATy = ¢,y =0}

is called the dual problem.

.
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Duality Duality

Lemma 31
The dual of the dual problem is the primal problem. Definition 30
Let z = max{c’x | Ax < b,x = 0} be a linear program P (called
Proof: the primal linear program).
» w=min{bTy | ATy > ¢,y > 0}
by lAly Y The linear program D defined by

w=min{bTy | ATy = ¢,y =0}

is called the dual problem.
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Duality

Lemma 31
The dual of the dual problem is the primal problem.

Proof:
» w=min{bTy | ATy > ¢,y =0}
» w=-max{-bTy | -ATy < —c,y =0}
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‘m EADS Il 5.1 Weak Duality
Harald Racke 79/569

Duality

Definition 30
Let z = max{c’x | Ax < b,x = 0} be a linear program P (called

the primal linear program).
The linear program D defined by
w=min{bTy | ATy = ¢,y =0}

is called the dual problem.

EADS I 5.1 Weak Duality
Harald Racke

78



Duality

Lemma 31
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Duality

Definition 30
Let z = max{c’x | Ax < b,x = 0} be a linear program P (called
the primal linear program).

The linear program D defined by
w=min{bTy | ATy = ¢,y =0}

is called the dual problem.
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Weak Duality

Let z = max{c'x | Ax < b,x = 0} and
w =min{bTy | ATy = ¢,y = 0} be a primal dual pair.

x is primal feasible iff x € {x | Ax < b,x = 0}

7y is dual feasible, iff y € {y | ATy > ¢,y = 0}.
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Duality

Lemma 31

The dual of the dual problem is the primal problem.

Proof:
» w=min{bTy | ATy > ¢,y = 0}
» w=-max{-bTy | -ATy < —c,y = 0}

The dual problem is
» z=-—min{-cTx | -Ax = -b,x = 0}

» z=max{cIx | Ax < b,x >0}
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Weak Duality

Let z = max{c'x | Ax < b,x = 0} and
w =min{bTy | ATy = ¢,y = 0} be a primal dual pair.

x is primal feasible iff x € {x | Ax < b,x > 0}

7y is dual feasible, iff y € {y | ATy > ¢,y = 0}.

Theorem 32 (Weak Duality)
Let X be primal feasible and let y be dual feasible. Then

cx<z<w<bly .
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The dual of the dual problem is the primal problem.

Proof:
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Weak Duality Weak Duality

ATH > ¢ Let z = max{c x| Ax < b,x > 0} and
w =min{bTy | ATy > ¢,y = 0} be a primal dual pair.

x is primal feasible iff x € {x | Ax < b,x = 0}

7y is dual feasible, iff y € {y | ATy > ¢,y = 0}.

Theorem 32 (Weak Duality)
Let X be primal feasible and let v be dual feasible. Then

c’x<z<w<b'y .

.
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Weak Duality Weak Duality

_ T
AT$ > ¢ 2TATS = £T¢ Letz-imax{c x| Ax <b,x = 0} and . .
w =min{bTy | ATy > ¢,y = 0} be a primal dual pair.

x is primal feasible iff x € {x | Ax < b,x = 0}
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AX <Db
x is primal feasible iff x € {x | Ax < b,x = 0}
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Weak Duality Weak Duality

_ T
AT$ > ¢ » 2TATS = £7¢ (% = 0) Letz-imax{c x| Ax <b,x = 0} and . .
w =min{bTy | ATy > ¢,y = 0} be a primal dual pair.

AX <b=>yTAXx <9Tb
x is primal feasible iff x € {x | Ax < b,x = 0}

7y is dual feasible, iff y € {y | ATy > ¢,y = 0}.
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Weak Duality Weak Duality

_ T
AT$ > ¢ » 2TATS = £7¢ (% = 0) Letz-imax{c x| Ax <b,x = 0} and . .
w =min{bTy | ATy > ¢,y = 0} be a primal dual pair.

AX <b=>yTAX < 9Tb ( = 0)
Y Y Y x is primal feasible iff x € {x | Ax < b,x = 0}

7y is dual feasible, iff y € {y | ATy > ¢,y = 0}.

Theorem 32 (Weak Duality)
Let X be primal feasible and let v be dual feasible. Then

c’x<z<w<b'y .
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Weak Duality

ATy >c = TATY = %Tc (X = 0)
AX <b=>yTAX <9Th (3 = 0)

This gives

‘m EADS Il 5.1 Weak Duality
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Weak Duality

Let z = max{c x| Ax < b,x > 0} and
w =min{bTy | ATy > ¢,y = 0} be a primal dual pair.

x is primal feasible iff x € {x | Ax < b,x = 0}

7y is dual feasible, iff y € {y | ATy > ¢,y = 0}.

Theorem 32 (Weak Duality)
Let X be primal feasible and let v be dual feasible. Then

c’x<z<w<b'y .
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Weak Duality Weak Duality

Let z = max{c x| Ax < b,x > 0} and
w =min{bTy | ATy > ¢,y = 0} be a primal dual pair.

AX <b=>yTAX < 9Tb ( = 0)
Y Y Y x is primal feasible iff x € {x | Ax < b,x = 0}

This gives
7y is dual feasible, iff y € {y | ATy > ¢,y = 0}.

Theorem 32 (Weak Duality)

Since, there exists primal feasible X with ¢’ % = z, and dual Let X be primal feasible and let 3 be dual feasible. Then

; S T~ —
feasible ¥ with by = w we get z < w. TR<z<w=<bTy .
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Let z = max{c x| Ax < b,x > 0} and
w =min{bTy | ATy > ¢,y = 0} be a primal dual pair.

AX <b=>yTAX < 9Tb ( = 0)
Y Y Y x is primal feasible iff x € {x | Ax < b,x = 0}

This gives
7y is dual feasible, iff y € {y | ATy > ¢,y = 0}.

Theorem 32 (Weak Duality)

Since, there exists primal feasible X with ¢’ % = z, and dual Let X be primal feasible and let 3 be dual feasible. Then

; S T~ —
feasible ¥ with by = w we get z < w. TR<z<w=<bTy .

If P is unbounded then D is infeasible.
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5.2 Simplex and Duality

The following linear programs form a primal dual pair:

z=max{c x| Ax =b,x > 0}

w=min{bTy | ATy = ¢}

This means for computing the dual of a standard form LP, we do
not have non-negativity constraints for the dual variables.
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max{cix | Ax =b,x = 0}
=max{c'x | Ax <b,-Ax < —b,x > 0}
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max{cix | Ax =b,x = 0}

=max{c'x | Ax <b,-Ax < —b,x > 0}
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Proof of Optimality Criterion for Simplex
Suppose that we have a basic feasible solution with reduced cost

é=cl—clagta<o
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5.3 Strong Duality Proof of Optimality Criterion for Simplex

Suppose that we have a basic feasible solution with reduced cost
é=cl-ciagla<o

P =max{cTx | Ax <b,x >0}

na: number of variables, m4: number of constraints

We can put the non-negativity constraints into A (which gives us This is equivalent to AT(Agl)TcB >c
unrestricted variables): P = max{clx | Ax < b}
Ni =N, Mi=M4+ N4 y* = (Az")Tcp is solution to the dual min{bTy|ATy > c}.
Dual D = min{bTy | ATy = ¢,y = 0}. bTy* = (Ax*)Ty* = (Apxp) T y*
= (ApxH)T(Ag) T ep = (xF)TAL (AgH) T e
= cTx*

Hence, the solution is optimal.
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5.3 Strong Duality 5.3 Strong Duality

P =max{cTx | Ax <b,x =0}
na: number of variables, m4: humber of constraints

We can put the non-negativity constraints into A (which gives us
unrestricted variables): P = max{clx | Ax < b}
Njg=MNp, My =Mp +MNA

beer

Dual D = min{bTy | ATy = ¢,y = 0}.

| ale

The profit vector c lies in the cone generated by the normals for

the hops and the corn constraint (the tight constraints). EADS II 5.3 Strong Duality
Harald Racke



Strong Duality 5.3 Strong Duality

60
Cor,
Theorem 33 (Strong Duality) & .
Let P and D be a primal dual pair of linear programs, and let z* {a, b, sm} Qv‘:
and w* denote the optimal solution to P and D, respectively. o \\
(]
Then 2

N
*
*

=w

HE h

L4
e
4
4

| | \\_
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4

| The profit vector c lies in the cone generated by the normals for
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Strong Duality

Lemma 34 (Weierstrass)

_ _ Theorem 33 (Strong Duality)
Let X be a -compact set and Iet.f(x) be a continuous function on Let P and D be a primal dual pair of linear programs, and let z*
X. Thenmin{f(x) : x € X} exists. and w* denote the optimal solution to P and D, respectively.
. Then
(without proof) 2% — ¥
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Lemma 35 (Projection Lemma)
Let X < R™ be a non-empty convex set, and let v ¢ X. Then
there exist x* € X with minimum distance from y. Moreover for

all x € X we have (y — x*)T(x — x*) <0. )
Lemma 34 (Weierstrass)

Let X be a compact set and let f(x) be a continuous function on
X. Then min{f(x) : x € X} exists.

(without proof)

.
5.3 Strong Duality
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Proof of the Projection Lemma
> Define f(x) = |y — xII. Lemma 35 (Projection Lemma)

Let X < R™ be a non-empty convex set, and let v ¢ X. Then
there exist x* € X with minimum distance from . Moreover for
all x € X we have (y — x*)T(x —x*) <0.

20
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Proof of the Projection Lemma
> Define f(x) = |y — xII. Lemma 3;(Pro;ectlon Lemma)
» We want to apply Weierstrass but X may not be bounded. Let X < R" be a non-empty convex set, and let y ¢ X. Then

there exist x* € X with minimum distance from . Moreover for
all x € X we have (y — x*)T(x —x*) <0.

20
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Proof of the Projection Lemma

> Define f(x) = |y — xIl Lemma 35 (Projection Lemma)
» We want to apply Weierstrass but X may not be bounded. Let X < R™ be a non-empty convex set, and let y ¢ X. Then
» X + 0. Hence. there exists x’ € X. there exist x* € X with minimum distance from y . Moreover for

all x € X we have (y — x*)T(x —x*) <0.
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Proof of the Projection Lemma
Lemma 35 (Projection Lemma)

\4

Define f(x) = [|v - xII.

» We want to apply Weierstrass but X may not be bounded.
» X =+ (0. Hence, there exists x’ € X.

Define X' = {x e X | [[y — x|l < [l — x'|I}. This set is
closed and bounded.

Let X < R™ be a non-empty convex set, and let v ¢ X. Then
there exist x* € X with minimum distance from . Moreover for
all x € X we have (y — x*)T(x —x*) <0.

v

20
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Proof of the Projection Lemma

Define f(x) = |1y — x].
We want to apply Weierstrass but X may not be bounded.
X # (. Hence, there exists x’ € X.

Define X' = {x e X | [[y — x|l < [l — x'|I}. This set is
closed and bounded.

Applying Weierstrass gives the existence.

Lemma 35 (Projection Lemma)

\4

Let X < R™ be a non-empty convex set, and let v ¢ X. Then
there exist x* € X with minimum distance from . Moreover for
all x € X we have (y — x*)T(x —x*) <0.

v

v

v

v

m EADS Il 5.3 Strong Duality EADS Il 5.3 Strong Duality
Harald Racke 90/569 Harald Racke

89



Proof of the Projection Lemma (continued)
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Proof of the Projection Lemma
Define f(x) = |y — x|

X # (0. Hence, there exists x’ € X.

Define X' = {x € X | |y — x|l < |ly — x"|I}. This set is
closed and bounded.

Applying Weierstrass gives the existence.

v vV v VY

v
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Proof of the Projection Lemma (continued) Proof of the Projection Lemma
Define f(x) = ||y — x|I.

v

x* is minimum. Hence ||y — x*||> < ||y — x]|* for all x € X. _
» X # (). Hence, there exists x’ € X.

» Define X' = {x e X | [y — x|l < [ly —x'|l}. This set is
closed and bounded.
Applying Weierstrass gives the existence.

v
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Proof of the Projection Lemma (continued) Proof of the Projection Lemma
Define f(x) = ||y — x|I.

v

x* is minimum. Hence ||y — x*||> < ||y — x]|* for all x € X. _
» X # (). Hence, there exists x’ € X.

By convexity: x € X then x* + e(x —x*) € X forall0 <e < 1. » Define X' = {x € X | [ly — x|l < lly = x"lI}. This setis
closed and bounded.
Applying Weierstrass gives the existence.

v
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Proof of the Projection Lemma (continued) Proof of the Projection Lemma
Define f(x) = ||y — x|I.

v

x* is minimum. Hence ||y — x*||> < ||y — x]|* for all x € X. _
» X # (). Hence, there exists x’ € X.

By convexity: x € X then x* + e(x —x*) € X forall0 <e < 1. » Define X' = {x € X | [ly — x|l < lly = x"lI}. This setis
closed and bounded.
Applying Weierstrass gives the existence.

v

Iy = x*|1%
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Proof of the Projection Lemma (continued) Proof of the Projection Lemma
Define f(x) = ||y — x|I.

v

x* is minimum. Hence ||y — x*||> < ||y — x]|* for all x € X. _
» X # (). Hence, there exists x’ € X.

By convexity: x € X then x* + e(x —x*) € X forall0 <e < 1. » Define X' = {x € X | [ly — x|l < lly = x"lI}. This setis
closed and bounded.
Applying Weierstrass gives the existence.

v

Iy —x*1? < [ly — x* —e(x —x*)|?
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Proof of the Projection Lemma (continued) Proof of the Projection Lemma
Define f(x) = ||y — x|I.

v

x* is minimum. Hence ||y — x*||> < ||y — x]|* for all x € X. _
» X # (). Hence, there exists x’ € X.

By convexity: x € X then x* + e(x —x*) € X forall0 <e < 1. » Define X' = {x € X | [ly — x|l < lly = x"lI}. This setis
closed and bounded.
Applying Weierstrass gives the existence.

v

Iy —x*1? < [ly — x* —e(x —x*)|?

=y = x*[I? + €llx — x*)1? = 2e(y — x*)T(x — x*)

‘m EADS II 5.3 Strong Duality EADS II 5.3 Strong Duality
Harald Racke 91/569 Harald Racke

» We want to apply Weierstrass but X may not be bounded.

90



Proof of the Projection Lemma (continued) Proof of the Projection Lemma
Define f(x) = ||y — x|I.

v

x* is minimum. Hence ||y — x*||> < ||y — x]|* for all x € X. _
» X # (). Hence, there exists x’ € X.

By convexity: x € X then x* + e(x —x*) € X forall0 <e < 1. » Define X' = {x € X | [ly — x|l < lly = x"lI}. This setis
closed and bounded.
Applying Weierstrass gives the existence.

v

Iy —x*1? < [ly — x* —e(x —x*)|?

=y = x*[I? + €llx — x*)1? = 2e(y — x*)T(x — x*)

Hence, (y — x*)T(x — x*) < %ellx — x*||2.
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Proof of the Projection Lemma (continued)
x* is minimum. Hence ||y — x*[|? < ||y — x/||? for all x € X.

By convexity: x € X then x* + e(x —x*) e X forall0 <€ < 1.

Iy —x*1? < [ly — x* —e(x —x*)|?

=y = x*[I? + €llx — x*)1? = 2e(y — x*)T(x — x*)

Hence, (y — x*)T(x — x*) < %ellx — x*||2.

Letting € — 0 gives the result.
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Proof of the Projection Lemma
Define f(x) = |y — x|

X # (0. Hence, there exists x’ € X.

Define X' = {x e X | ||y — x|l < lly — x'[I}. This set is
closed and bounded.

Applying Weierstrass gives the existence.

vV vV v VY

v

EADS Il 5.3 Strong Duality
Harald Racke

We want to apply Weierstrass but X may not be bounded.
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Theorem 36 (Separating Hyperplane)

Let X < R™ be a non-empty closed convex set, and let y ¢ X.
Then there exists a separating hyperplane {x € R: al x = o}

where a € R™, o € R that separates y from X. (a’y < «;
alx = « for all x € X)
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Proof of the Projection Lemma (continued)

x* is minimum. Hence ||y — x*|2 < ||y — x]|? for all x € X.

By convexity: x € X then x* + e(x —x*) € X forall 0 <€ < 1.

ly —x*I12 < lly — x* —e(x — x*)|?

=y — x*)1% + €?llx — x*|I° - 2e(y — x*)T(x — x*)

Hence, (y — x*)T(x — x*) < %ellx — x*||2.

Letting € — 0 gives the result.
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Proof of the Hyperplane Lemma

» Let x* € X be closest point to v in X.

Theorem 36 (Separating Hyperplane)

Let X < R™ be a non-empty closed convex set, and let vy ¢ X.
Then there exists a separating hyperplane {x € R: alx = «}

where a € R™, x € R that separates y from X. @’y < «;
alx = « forall x € X)
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Proof of the Hyperplane Lemma

» Let x* € X be closest point to v in X.

» By previous lemma (y — x*)T(x — x*) < 0 for all x € X.

Theorem 36 (Separating Hyperplane)

Let X < R™ be a non-empty closed convex set, and let vy ¢ X.
Then there exists a separating hyperplane {x € R: alx = «}

where a € R™, x € R that separates y from X. @’y < «;
alx = « forall x € X)
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Proof of the Hyperplane Lemma

> Let x* € X be closest point to y in X.

» By previous lemma (y — x*)T(x — x*) < 0 for all x € X.
» Choose a = (x* — y) and & = al x*.

Theorem 36 (Separating Hyperplane)

Let X < R™ be a non-empty closed convex set, and let vy ¢ X.
Then there exists a separating hyperplane {x € R: alx = «}

where a € R™, x € R that separates y from X. @’y < «;
alx = « forall x € X)
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Proof of the Hyperplane Lemma

v

Let x* € X be closest point to y in X.

» By previous lemma (y — x*)T(x — x*) < 0 for all x € X.

Choose a = (x* — y) and o« = al x*.

» Forx e X:al(x — x*) =0, and, hence, alx > a. Theorem 36 (Separating Hyperplane)

Let X < R™ be a non-empty closed convex set, and let vy ¢ X.
Then there exists a separating hyperplane {x € R: alx = «}

where a € R™, x € R that separates y from X. @’y < «;
alx = « forall x € X)

v
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Proof of the Hyperplane Lemma

v

Let x* € X be closest point to y in X.
» By previous lemma (y — x*)T(x — x*) < 0 for all x € X.

v

Choose a = (x* — ) and o« = a’ x*.

» Forx e X:al(x — x*) =0, and, hence, alx > a. Theorem 36 (Separating Hyperplane)

Also, aTy = aT(x* —a) = o — |lall? < « Let X < R™ be a non-empty closed convex set, and let vy ¢ X.
Then there exists a separating hyperplane {x € R: alx = «}
where a € R™, x € R that separates y from X. @’y < «;
alx = « forall x € X)

v
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Proof of the Hyperplane Lemma

Let x* € X be closest point to y in X.

» By previous lemma (y — x*)T (x — x*) < 0 for all x € X.
Choose a = (x* — y) and = alx*.

» Forx e X:al(x —x*) =0, and, hence, a’x > «.
Also,a’y =al(x* —a) = « - ||al® < «

\4

Lemma 37 (Farkas Lemma)
Let A be an m x n matrix, b € R™. Then exactly one of the
following statements holds.

1. Ax e R" with Ax = b, x =0
2. Ay e R™ withATy >0, bTy <0

\4

\4
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Proof of the Hyperplane Lemma

» Let x* € X be closest point to v in X.

Lemma 37 (Farkas Lemma)
» By previous lemma (y — x*)T (x — x*) < 0 for all x € X.

Let A be an m x n matrix, b € R™. Then exactly one of the
following statements holds. » Choose a = (x* —y) and & = a®x*.
» Forx e X:al(x —x*) =0, and, hence, a’x > «.

1. Ax e R" with Ax = b, x =0
Also,a’y =al(x* —a) = « - ||al® < «

2. Ay e R™ withATy >0, bTy <0

v

Assume X satisfies 1. and ¥ satisfies 2. Then

0>yTh=yTAx >0
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Proof of the Hyperplane Lemma

Let x* € X be closest point to y in X.

» By previous lemma (y — x*)T (x — x*) < 0 for all x € X.
Choose a = (x* — y) and = alx*.

» Forx e X:al(x —x*) =0, and, hence, a’x > «.

v

Lemma 37 (Farkas Lemma)
Let A be an m x n matrix, b € R™. Then exactly one of the
following statements holds.

1. Ax e R" with Ax = b, x =0

2. Ay e R™ withATy >0, bTy <0

v

Also,a’y =al(x* —a) = « - ||al® < «

v

Assume X satisfies 1. and ¥ satisfies 2. Then

0>yTh=yTAx >0

Hence, at most one of the statements can hold.

‘m EADS II 5.3 Strong Duality EADS II 5.3 Strong Duality
Harald Racke 94/569 Harald Racke



Farkas Lemma

a
b )(3
aq
X X ap
/al
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y

If b is not in the cone generated by the columns of A, there
exists a hyperplane y that separates b from the cone.

Lemma 37 (Farkas Lemma)

Let A be an m x n matrix, b € R™. Then exactly one of the
following statements holds.

1. Ix e R" withAx =b, x>0
2. 3y e R"™ withATy >0,bTy <0

Assume X satisfies 1. and y satisfies 2. Then

0>yTh=yTAx >0

Hence, at most one of the statements can hold.
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If b is not in the cone generated by the columns of A, there
exists a hyperplane y that separates b from the cone.
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If b is not in the cone generated by the columns of A, there
exists a hyperplane y that separates b from the cone.



Proof of Farkas Lemma Farkas Lemma
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b
Now, assume that 1. does not hold. a * ——
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Consider S = {Ax : x = 0} so that S closed, convex, b ¢ S. y |
We want to show that there is y with ATy >0, bTy < 0. /a1
Ty

If b is not in the cone generated by the columns of A, there
exists a hyperplane y that separates b from the cone.



Proof of Farkas Lemma Farkas Lemma

Now, assume that 1. does not hold. ——

Consider S = {Ax : x = 0} so that S closed, convex, b ¢ S.

We want to show that there is y with ATy >0, bTy < 0. /a1

Let v be a hyperplane that separates b from S. Hence, y'h < «
and y's > «forall s € S. -

/
/

If b is not in the cone generated by the columns of A, there
exists a hyperplane y that separates b from the cone.




Proof of Farkas Lemma Farkas Lemma

as
b
Now, assume that 1. does not hold. a * ——
)(4 X ap
Consider S = {Ax : x = 0} so that S closed, convex, b ¢ S. y |
We want to show that there is y with ATy >0, bTy < 0. /a1
Let v be a hyperplane that separates b from S. Hence, y'h < «
and y's > «forall s € S. =
0eS=a<0=>yTb<0 /

If b is not in the cone generated by the columns of A, there
exists a hyperplane y that separates b from the cone.



Proof of Farkas Lemma Farkas Lemma

as
b
Now, assume that 1. does not hold. a * ——
)(4 X ap
Consider S = {Ax : x = 0} so that S closed, convex, b ¢ S. y |
We want to show that there is y with ATy >0, bTy < 0. /a1
Let v be a hyperplane that separates b from S. Hence, y'h < «
and y's > «forall s € S. =
0eS=a<0=>yTb<0 /
yTAx = « for all x = 0. /

If b is not in the cone generated by the columns of A, there
exists a hyperplane y that separates b from the cone.



Proof of Farkas Lemma Farkas Lemma

as
b
Now, assume that 1. does not hold. a * ——
)(4 X ap
Consider S = {Ax : x = 0} so that S closed, convex, b ¢ S. y
We want to show that there is y with ATy >0, bTy < 0. /a1
Let v be a hyperplane that separates b from S. Hence, y'h < «
and y's > «forall s € S. =
0eS=a<0=>yTb<0 /
yTAx = « for all x = 0. Hence, yTA > 0 as we can choose x /
arbitrarily large.

If b is not in the cone generated by the columns of A, there
exists a hyperplane y that separates b from the cone.



Farkas Lemma

Lemma 38 (Farkas Lemma; different version)
a
Let A be an m x n matrix, b € R™. Then exactly one of the b X
following statements holds. @(4 y..
1. Ix e R" withAx <b,x =0 y
2. 3y e R™ withATy =0,bTy <0,y =0 /
ay
T~
y

If b is not in the cone generated by the columns of A, there
exists a hyperplane y that separates b from the cone.

‘m EADS Il 5.3 Strong Duality
Harald Racke 97/569



Farkas Lemma

Lemma 38 (Farkas Lemma; different version)
a
Let A be an m X n matrix, b € R™. Then exactly one of the b X
following statements holds. 1/}(4 y..
1. Ix e R" withAx <b,x =0 y
2. 3y e R™ withATy =0,bTy <0,y =0 /
ay
Rewrite the conditions:
l.er[R{"with[AI]-[)j=b,x20,520 y
AT
2. 3y € R™ with [ ! ]yzO,bTy<0

If b is not in the cone generated by the columns of A, there
exists a hyperplane y that separates b from the cone.
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Proof of Strong Duality

P: z =max{cIx | Ax < b,x = 0}

D:w=min{bTy | ATy >¢c,y =0}

Theorem 39 (Strong Duality)

Let P and D be a primal dual pair of linear programs, and let z
and w denote the optimal solution to P and D, respectively (i.e.,
P and D are non-empty). Then

zZ=Ww .
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Lemma 38 (Farkas Lemma; different version)

Let A be an m x n matrix, b € R™. Then exactly one of the
following statements holds.

1. 3x e R" withAx <b,x >0
2. 3y e R"™ withATy >0,bTy <0,y =0

Rewrite the conditions:

1. Ix € R™ with [AI]-[§}=b,sz,szO

AT
2. EIye[R%mwith[I}yzO,bTy<O
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Proof of Strong Duality Proof of Strong Duality

P: z =max{cTx | Ax < b,x >0}

D: w=min{bTy | ATy > ¢,y =0}

Theorem 39 (Strong Duality)

Let P and D be a primal dual pair of linear programs, and let z
and w denote the optimal solution to P and D, respectively (i.e.,
P and D are non-empty). Then

zZ=wW .
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Proof of Strong Duality Proof of Strong Duality

z < w: follows from weak duality P:z=max{cTx | Ax < b,x = 0}

D: w=min{bTy | ATy > ¢,y =0}

Theorem 39 (Strong Duality)

Let P and D be a primal dual pair of linear programs, and let z
and w denote the optimal solution to P and D, respectively (i.e.,
P and D are non-empty). Then

zZ=wW .
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Proof of Strong Duality Proof of Strong Duality

N
IA

w: follows from weak duality P:z=max{cTx | Ax < b,x = 0}

z>w: D: w=min{bTy | ATy > ¢,y =0}

Theorem 39 (Strong Duality)

Let P and D be a primal dual pair of linear programs, and let z
and w denote the optimal solution to P and D, respectively (i.e.,
P and D are non-empty). Then

zZ=wW .

‘m EADS II 5.3 Strong Duality EADS II 5.3 Strong Duality
Harald Racke 99/569 Harald Racke

98



Proof of Strong Duality Proof of Strong Duality

N
IA

w: follows from weak duality P:z=max{cTx | Ax < b,x = 0}

zZ = W:

D: w=min{bTy | ATy > ¢,y =0}
We show z < o implies w < «.

Theorem 39 (Strong Duality)

Let P and D be a primal dual pair of linear programs, and let z
and w denote the optimal solution to P and D, respectively (i.e.,
P and D are non-empty). Then

zZ=wW .
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Proof of Strong Duality Proof of Strong Duality

N
IA

w: follows from weak duality P:z=max{cTx | Ax < b,x = 0}

zZ = W:

D: w=min{bTy | ATy > ¢,y =0}
We show z < o implies w < «.

Jx € R" Theorem 39 (Strong Duality)
s.t. Ax < b Let P and D be a primal dual pair of linear programs, and let z
-cTx < -« and w denote the optimal solution to P and D, respectively (i.e.,
x = 0 P and D are non-empty). Then
zZ=w .
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Proof of Strong Duality

N
IA

w: follows from weak duality

zZ>w:
We show z < o implies w < «.

dx € R" dy e R"™;v e R
s.t. Ax < b s.t. ATy —cv
-cTx < -« bTy — v
x = 0 Y,V

vV A IV

=)
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P: z =max{cTx | Ax < b,x > 0}

D: w=min{bTy | ATy >¢c,y =0}

Theorem 39 (Strong Duality)

Let P and D be a primal dual pair of linear programs, and let z
and w denote the optimal solution to P and D, respectively (i.e.,
P and D are non-empty). Then

zZ=wW .
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Proof of Strong Duality

N
IA

w: follows from weak duality

zZ>w:
We show z < o implies w < «.

dx € R" dy e R"™;v e R
s.t. Ax < b st. ATy—cv = 0
-cTx < -« bTy—axv < 0
x = 0 y, v = 0

From the definition of &« we know that the first system is
infeasible; hence the second must be feasible.
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Proof of Strong Duality

P: z =max{cTx | Ax < b,x > 0}

D: w=min{bTy | ATy >¢c,y =0}

Theorem 39 (Strong Duality)

Let P and D be a primal dual pair of linear programs, and let z
and w denote the optimal solution to P and D, respectively (i.e.,
P and D are non-empty). Then

zZ=wW .
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Proof of Strong Duality Proof of Strong Duality

Jy e R™;v € R P: z =max{cTx | Ax < b,x > 0}
st. ATy—cv = 0
bTy —av < 0 D: w=min{bTy | ATy > ¢,y >0}
y,v = 0

Theorem 39 (Strong Duality)

Let P and D be a primal dual pair of linear programs, and let z
and w denote the optimal solution to P and D, respectively (i.e.,
P and D are non-empty). Then

zZ=w .
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Proof of Strong Duality Proof of Strong Duality

Iy e R™;v € R P: z =max{cTx | Ax < b,x = 0}
st. ATy —cv = 0
Ty —av < 0 D: w=min{bTy | ATy >¢c,y =0}
y,v = 0
If the solution v, v has v = 0 we have that Theorem 39 (Strong Duality)
Let P and D be a primal dual pair of linear programs, and let z
dy e R™ and w denote the optimal solution to P and D, respectively (i.e.,
s.t. ATy > 0 P and D are non-empty). Then
bTy < 0
A 0 Z=wW .

is feasible.
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Proof of Strong Duality Proof of Strong Duality

Iy e R™;v € R P: z =max{cTx | Ax < b,x = 0}
st. ATy —cv = 0
Ty —av < 0 D: w=min{bTy | ATy >¢c,y =0}
y,v = 0
If the solution v, v has v = 0 we have that Theorem 39 (Strong Duality)
Let P and D be a primal dual pair of linear programs, and let z
dy e R™ and w denote the optimal solution to P and D, respectively (i.e.,
s.t. ATy > 0 P and D are non-empty). Then
bTy < 0
A 0 Z=wW .

is feasible. By Farkas lemma this gives that LP P is infeasible.
Contradiction to the assumption of the lemma.
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Proof of Strong Duality

dy e R"™;v e R

st. ATy —cv = 0
bTy —ov < 0
y,v = 0

If the solution y,v has v = 0 we have that

dy e R™
st. ATy = 0
bTy < 0
y = 0

is feasible. By Farkas lemma this gives that LP P is infeasible.
Contradiction to the assumption of the lemma.
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Proof of Strong Duality Proof of Strong Duality

dy e R"™;v e R

st. ATy —cv = 0

Th, _
Hence, there exists a solution y, v with v > 0. y—ew < 0
y,v = 0

If the solution y,v has v = 0 we have that

dy e R™
st. ATy = 0
bTy < 0
y = 0

is feasible. By Farkas lemma this gives that LP P is infeasible.
Contradiction to the assumption of the lemma.
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Proof of Strong Duality

Hence, there exists a solution y, v with v > 0.

We can rescale this solution (scaling both y and v) s.t. v = 1.
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Proof of Strong Duality

dy e R"™;v e R

st. ATy —cv = 0
bTy —axv < 0
y,v = 0

If the solution y,v has v = 0 we have that

dy e R™
st. ATy = 0
bTy < 0
y = 0

is feasible. By Farkas lemma this gives that LP P is infeasible.
Contradiction to the assumption of the lemma.
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Proof of Strong Duality Proof of Strong Duality

dy e R"™;v e R

st. ATy —cv = 0
T, _
Hence, there exists a solution y, v with v > 0. = < 0
y,v = 0
We can rescale this solution (scaling both y and v) s.t. v = 1. If the solution y, v has v = 0 we have that
Then v is feasible for the dual but bTy < «. This means that dy e R™
w < K. st. ATy = 0
bTy < 0
y = 0

is feasible. By Farkas lemma this gives that LP P is infeasible.
Contradiction to the assumption of the lemma.
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Fundamental Questions

Definition 40 (Linear Programming Problem (LP))
Let A e Q™" be Q™ ce Q" e Q. Does there exist
xeQ"st. Ax =b,x>0,cTx>x?

Questions:
> Is LP in NP?
> |Is LP in co-NP? yes!
> IS LPin P?

Proof of Strong Duality

Hence, there exists a solution y, v with v > 0.

We can rescale this solution (scaling both y and v) s.t. v = 1.

Then v is feasible for the dual but b7y < «. This means that
w < K.
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Fundamental Questions

Definition 40 (Linear Programming Problem (LP))
Let A e Q™" be Q™ ce Q" e Q. Does there exist
xeQ"st. Ax =b,x>0,cTx>x?

Questions:
> Is LP in NP?
> |Is LP in co-NP? yes!
> IS LPin P?

Proof:
» Given a primal maximization problem P and a parameter «.
Suppose that « > opt(P).
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Proof of Strong Duality

Hence, there exists a solution y, v with v > 0.

We can rescale this solution (scaling both y and v) s.t. v = 1.

Then v is feasible for the dual but b7y < «. This means that
w < K.
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Fundamental Questions

Definition 40 (Linear Programming Problem (LP))
Let A e Q™" be Q™ ce Q" e Q. Does there exist
xeQ"st. Ax =b,x>0,cTx>x?

Questions:
> Is LP in NP?
> |Is LP in co-NP? yes!
> IS LPin P?

Proof:
» Given a primal maximization problem P and a parameter «.
Suppose that « > opt(P).
» We can prove this by providing an optimal basis for the dual.
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Proof of Strong Duality

Hence, there exists a solution y, v with v > 0.

We can rescale this solution (scaling both y and v) s.t. v = 1.

Then v is feasible for the dual but b7y < «. This means that
w < K.
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Fundamental Questions

Definition 40 (Linear Programming Problem (LP))

Let A e Q™" be Q™ ce Q" e Q. Does there exist
xeQ"st. Ax =b,x>0,cTx>x?

Questions:
> Is LP in NP?
> |Is LP in co-NP? yes!
> IS LPin P?

Proof:
» Given a primal maximization problem P and a parameter «.
Suppose that « > opt(P).
» We can prove this by providing an optimal basis for the dual.
» A verifier can check that the associated dual solution fulfills
all dual constraints and that it has dual cost < «.
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Proof of Strong Duality

Hence, there exists a solution y, v with v > 0.

We can rescale this solution (scaling both y and v) s.t. v = 1.

Then v is feasible for the dual but b7y < «. This means that
w < K.
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Complementary Slackness

Lemma 41

Assume a linear program P = max{c’x | Ax < b;x = 0} has
solution x* and its dual D = min{bTy | ATy = ¢;y = 0} has
solution y*.

1.

Ifx;f‘ > 0 then the j-th constraint in D is tight.

2. If the j-th constraint in D is not tight than x* = 0.
3.
4. If the i-th constraint in P is not tight than v = 0.

J
If v} > 0 then the i-th constraint in P is tight.
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Complementary Slackness

Lemma 41

Assume a linear program P = max{c’x | Ax < b;x = 0} has
solution x* and its dual D = min{bTy | ATy = ¢;y = 0} has
solution y*.

1.

Ifx;f‘ > 0 then the j-th constraint in D is tight.

2. If the j-th constraint in D is not tight than x;k =0.
3.
4. If the i-th constraint in P is not tight than y; = 0.

If v} > 0 then the i-th constraint in P is tight.

If we say that a variable x}k (v/) has slack if xj* >0 >0),
(i.e., the corresponding variable restriction is not tight) and a

contraint has slack if it is not tight, then the above says that for

a primal-dual solution pair it is not possible that a constraint
and its corresponding (dual) variable has slack.
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Proof: Complementary Slackness Complementary Slackness

Analogous to the proof of weak duality we obtain
Lemma 41

cTx* < y*TAx* < bTy* Assume a linear program P = max{c’x | Ax < b;x = 0} has
solution x* and its dual D = min{b"y | ATy > c¢;y = 0} has
solution y*.
1. Iij > 0 then the j-th constraint in D is tight.
2. If the j-th constraint in D is not tight than x;-‘ = 0.
3. If y > 0 then the i-th constraint in P is tight.
4. If the i-th constraint in P is not tight than y; = 0.

If we say that a variable x (v/) has slack |fx >0 >0),
(i.e., the corresponding varlable restriction is not tight) and a
contraint has slack if it is not tight, then the above says that for
a primal-dual solution pair it is not possible that a constraint
and its corresponding (dual) variable has slack.
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Proof: Complementary Slackness

Analogous to the proof of weak duality we obtain

cTx* < y*TAx* < bTy*

Because of strong duality we then get
CTX* — _')/*TAX* — bTy*
This gives e.g.

>yTa- CT)J'X;k =0
J
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Complementary Slackness

Lemma 41
Assume a linear program P = max{c’x | Ax < b;x = 0} has
solution x* and its dual D = min{b"y | ATy > c¢;y = 0} has
solution y*.

1. Iij > 0 then the j-th constraint in D is tight.

2. If the j-th constraint in D is not tight than x;-‘ = 0.

3. If y > 0 then the i-th constraint in P is tight.

4. If the i-th constraint in P is not tight than y; = 0.

If we say that a variable x (v/) has slack |fx >0 >0),
(i.e., the corresponding varlable restriction is not tight) and a
contraint has slack if it is not tight, then the above says that for
a primal-dual solution pair it is not possible that a constraint
and its corresponding (dual) variable has slack.
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Proof: Complementary Slackness

Analogous to the proof of weak duality we obtain
cIx* < p*TAx* < bTy*
Because of strong duality we then get
cTx* = y*TAX* _ bTy*

This gives e.g.

>yTa- CT)J'X;k =0

J
From the constraint of the dual it follows that ¥ A > ¢T. Hence
the left hand side is a sum over the product of non-negative
numbers. Hence, if e.g. (¥TA —cT); > 0 (the j-th constraint in
the dual is not tight) then x; = 0 (2.). The result for (1./3./4.)
follows similarly.
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Interpretation of Dual Variables
> Brewer: find mix of ale and beer that maximizes profits

max 13a + 23b

st. 5a + 15b <480

4a + 4b <160

35a + 20b <1190
a,b =0

Proof: Complementary Slackness

Analogous to the proof of weak duality we obtain

cTx* < y*TAx* < bTy*

Because of strong duality we then get

cTx* = _’)/*TAX* _ bTy*
This gives e.g.

D TA-chxF =0

J
From the constraint of the dual it follows that yTA > c¢T. Hence
the left hand side is a sum over the product of non-negative
numbers. Hence, if e.g. (yTA —cT); > 0 (the j-th constraint in
the dual is not tight) then x; = 0 (2.). The result for (1./3./4.)
follows similarly.
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Interpretation of Dual Variables

> Brewer: find mix of ale and beer that maximizes profits

> Entrepeneur: buy resources from brewer at minimum cost

max 13a + 23b

st. 5a + 15b <480

4a + 4b <160

35a + 20b <1190
a,b =0

C, H, M: unit price for corn, hops and malt.

min 480C +
s.t. 5C +
15C +

160H +

4H +
4H +

1190M
35M >13
20M =23

C,HM =0

Proof: Complementary Slackness

Analogous to the proof of weak duality we obtain

cTx* < y*TAx* < bTy*

Because of strong duality we then get
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J
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the left hand side is a sum over the product of non-negative
numbers. Hence, if e.g. (yTA —cT); > 0 (the j-th constraint in
the dual is not tight) then x; = 0 (2.). The result for (1./3./4.)
follows similarly.
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C, H, M: unit price for corn, hops and malt.

min 480C + 160H + 1190M

s.t. 5C + 4H + 35M >13
15C + 4H + 20M =23
C,HM =0

Note that brewer won’t sell (at least not all) if e.g.

5C +4H + 35M < 13 as then brewing ale would be advantageous.
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Interpretation of Dual Variables

Marginal Price:

» How much money is the brewer willing to pay for additional
amount of Corn, Hops, or Malt?

T
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Interpretation of Dual Variables

» Brewer: find mix of ale and beer that maximizes profits

max 13a + 23b
s.t. 5a + 15b <480
4a + 4b <160
35a + 20b <1190
a,b =0

» Entrepeneur: buy resources from brewer at minimum cost

C, H, M: unit price for corn, hops and malt.

min 480C + 160H + 1190M
s.t. 5C + 4H + 35M =13
15C + 4H + 20M = 23
C,HM =0

Note that brewer won’t sell (at least not all) if e.g.
5C +4H + 35M < 13 as then brewing ale would be advantageous.



Interpretation of Dual Variables

Marginal Price:
» How much money is the brewer willing to pay for additional
amount of Corn, Hops, or Malt?
> We are interested in the marginal price, i.e., what happens if
we increase the amount of Corn, Hops, and Malt by &¢, €,
and &), respectively.
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Interpretation of Dual Variables

Marginal Price:

» How much money is the brewer willing to pay for additional
amount of Corn, Hops, or Malt?

> We are interested in the marginal price, i.e., what happens if
we increase the amount of Corn, Hops, and Malt by &¢, €,
and &), respectively.

The profit increases to max{c!x | Ax <b + &x = 0}.
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Interpretation of Dual Variables

Marginal Price:

» How much money is the brewer willing to pay for additional
amount of Corn, Hops, or Malt?

» We are interested in the marginal price, i.e., what happens if
we increase the amount of Corn, Hops, and Malt by &¢, €f,
and &), respectively.

The profit increases to max{c’x | Ax <b + &x = 0}. Because of
strong duality this is equal to

min (b7 +eT)y
s.t. ATy
y

2%
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Interpretation of Dual Variables
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s.t. 5a + 15b <480
4a + 4b <160
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a,b =0

» Entrepeneur: buy resources from brewer at minimum cost
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Interpretation of Dual Variables

T
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Interpretation of Dual Variables

Marginal Price:

» How much money is the brewer willing to pay for additional
amount of Corn, Hops, or Malt?

» We are interested in the marginal price, i.e., what happens if
we increase the amount of Corn, Hops, and Malt by &¢, €,
and &), respectively.

The profit increases to max{c’x | Ax < b + &x = 0}. Because of
strong duality this is equal to

min (b7 +€eT)y

s.t. ATy = ¢
y = 0
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Interpretation of Dual Variables

If € is “small” enough then the optimum dual solution y* might
not change. Therefore the profit increases by >’; el-y;k.
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Interpretation of Dual Variables

Marginal Price:
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we increase the amount of Corn, Hops, and Malt by &¢, €,
and &), respectively.
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Interpretation of Dual Variables

If € is “small” enough then the optimum dual solution y* might
not change. Therefore the profit increases by >’; el-y;k.

Therefore we can interpret the dual variables as marginal prices.
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Interpretation of Dual Variables

If € is “small” enough then the optimum dual solution y* might
not change. Therefore the profit increases by >’; eiy;k.

Therefore we can interpret the dual variables as marginal prices.

Note that with this interpretation, complementary slackness
becomes obvious.
» If the brewer has slack of some resource (e.g. corn) then he
is not willing to pay anything for it (corresponding dual
variable is zero).

5.4 Interpretation of Dual Variables

Harald Racke

Interpretation of Dual Variables

Marginal Price:

» How much money is the brewer willing to pay for additional
amount of Corn, Hops, or Malt?

» We are interested in the marginal price, i.e., what happens if
we increase the amount of Corn, Hops, and Malt by &¢, €,
and &), respectively.

The profit increases to max{c’x | Ax < b + &x = 0}. Because of
strong duality this is equal to

min (b7 +€eT)y

s.t. ATy = ¢
y = 0
EADS Il 5.4 Interpretation of Dual Variables

Harald Racke

106



Interpretation of Dual Variables

If € is “small” enough then the optimum dual solution y* might
not change. Therefore the profit increases by >’; eiy;k.

Therefore we can interpret the dual variables as marginal prices.

Note that with this interpretation, complementary slackness
becomes obvious.

» If the brewer has slack of some resource (e.g. corn) then he
is not willing to pay anything for it (corresponding dual
variable is zero).

» If the dual variable for some resource is non-zero, then an
increase of this resource increases the profit of the brewer.

Hence, it makes no sense to have left-overs of this resource.

Therefore its slack must be zero.
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Example

beer

max 13a + 23b

s.t.

5a + 15b + s, =480
4a + 4b + Sp =160
35a + 20b + Sm = 1190

a

b,sc,Sn,Ssm=0

ale

Interpretation of Dual Variables

If € is “small” enough then the optimum dual solution y* might
not change. Therefore the profit increases by >; eiyi*.

Therefore we can interpret the dual variables as marginal prices.

Note that with this interpretation, complementary slackness
becomes obvious.
» If the brewer has slack of some resource (e.g. corn) then he
is not willing to pay anything for it (corresponding dual
variable is zero).

» If the dual variable for some resource is non-zero, then an
increase of this resource increases the profit of the brewer.

Hence, it makes no sense to have left-overs of this resource.

Therefore its slack must be zero.
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The change in profit when increasing hops by one unit is
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Of course, the previous argument about the increase in the
primal objective only holds for the non-degenerate case.

If the optimum basis is degenerate then increasing the supply of
one resource may not allow the objective value to increase.
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Example

beer
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a, b,Sc,Sh,Sm=0
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The change in profit when increasing hops by one unit is
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Flows

Definition 42
An (s,t)-flow in a (complete) directed graph G = (V,V X V,c) is
a function f: V x V — R that satisfies

1. For each edge (x,y)

(capacity constraints)
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Flows

Definition 42
An (s,t)-flow in a (complete) directed graph G = (V,V X V,c) is
a function f: V x V — R that satisfies

1. For each edge (x,y)

(capacity constraints)
2. Foreachv e V' \ {s,t}

vax = fov .
P X
(flow conservation constraints)
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Flows

Definition 43
The value of an (s, t)-flow f is defined as

val(f) = > fox = > fxs -
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Flows

Definition 42
An (s, t)-flow in a (complete) directed graph G = (V,V XV, c) is
a function f: V x V — R that satisfies

1. For each edge (x, y)
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Flows Flows

Definition 42
An (s, t)-flow in a (complete) directed graph G = (V,V XV, c) is
Definition 43 a function f: V x V — R that satisfies
Val(f):Zfsx_fos . 0 < fxy <cCxy .
X b

(capacity constraints)

2. Foreachv e V' \ {s,t}
Maximum Flow Problem:

Find an (s, t)-flow with maximum value. vax _ fov )
X X

(flow conservation constraints)
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LP-Formulation of Maxflow Flows

max Sz fsz =2z fzs
s.t. Y(z,w) eV xV Tw 8 Cw Yy
Vw#s,t S few—2:0wz = 0 pu Definition 43
Jow = 0 The value of an (s, t)-flow f is defined as

val(f) = D fox = D fxs -

Maximum Flow Problem:
Find an (s, t)-flow with maximum value.
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LP-Formulation of Maxflow

max 2z Sz =22 Szs
st. V(z,w)eVxV Tow £ Cow ow
Vw #s,t X, fow—2zfwz = 0 Pw
fzw = O
min 2 xy) Cxalxy
s.t. fxy 6,y £5,8)1 1xy—1px+lp, = O
Ssy (¥ £5,8): 145y +1py = 1
Joes (52 32 8, ) ¢ 10xs—1py = =1
Sfiy (¥ #=5,t): 181y +1lpy =2 O
Sxt (x #5,0): 105 —1px > 0
Sfot: 145, > 1
Sis: 10 > -1
Lscy > 0

T
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Flows

Definition 43
The value of an (s, t)-flow f is defined as

val(f) = D fox = D fxs -

Maximum Flow Problem:
Find an (s, t)-flow with maximum value.
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LP-Formulation of Maxflow

min

st Sfxy X,y #5,1):
fsy (y #s,t):
fxs (x =5s,t):
Jiy (¥ #5,0):
fxt (x =5s,t):
Soe:
Sts:

> (xy) Exylxy

Lxy—1px+1py
145y~ 1+1p,
10xs—1px+ 1
lyty— 0+1}9y
10 —1px+ O
14— 1+ O
10— 0+ 1

Ly

vV IV IV IV IV IV IV

2

S O O © O o o O
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LP-Formulation of Maxflow

max 2z Sz = 22 fzs
st. V(z,w)eVxV Fow £ Cow Yaw
Vw #s,t X, few—2zfwz = 0 Pw
T 2 0
min 2 xy) Cxlxy
s.t. fxy X,y £5,8)1 1xy—1px+lp, = 0
Soy (¥ £5,0): 145, +1py = 1
Jes (52 =2 5,,00) ¢ 10xs—1py = =1
Sy (¥ #=5,1): 14:, +1py = O
fxt (x #5,t): 10y —1px > 0
fst: 104 > 1
Jis 14 > -1
Ly > 0
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LP-Formulation of Maxflow

min > xy) Cxylxy
s.t. fxy (X, £5,8): 1xy—1px+1p,
fsy (y #s,1): 1333}‘ ps+1lpy

Jxs (x = 5,1): Wys—1px+ ps

fty (y #s,t): 1€ty_ ptt+lpy

Sxt (x #5s,1): Wxi—1px+ pi

Sst: s~ pst+ pr

Sis Wis— pe+ ps

Ly

vV IV IV IV IV IV IV

2

S O O © O O o O

with py =0 and p; = 1.

LP-Formulation of Maxflow

min
s.t.

> xy) Exylxy

Say 6,y £5,1) 1 1xy—1px+1py
Sfsy (v #5,1): 14sy— 1+1p,
Jxs (x #5,t): 10xs—1px+ 1
Sy (¥ #5,1): 14— O0+1p,
St (x #5,1): 1Wyi—1px+ O
St 15— 1+ 0
Js 14— 0+ 1

gxy

vV IV IV IV IV IV IV

\%

S O O O O o o o

Harald Racke
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LP-Formulation of Maxflow

LP-Formulation of Maxflow

min Z(xy) ny’gxy
s.t. fxy: 1éxy—1px+lp, = O i
min
Yy = 0 .
s.t.
ps = 1
pt = 0

Sy (X, ¥ =5,t):
fsy (y #s,0):
fxs (x =5s,t):
Jiy (v #=5,t):
fxt (x =5,t):
Sse:

Sts:

> xy) Exylxy
sy —1px+1py
1€sy— ps+1lpy

Hxs—1px+ ps
Lgty— pt-l-lpy
Wxt—1px+ pi
st~ ps+ pr
Wis— pet+ ps

Lyy

IV IV IV IV IV IV IV

\%

S O O O O o o o

with p =0 and p; = 1.
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LP-Formulation of Maxflow

LP-Formulation of Maxflow

s.t. fxy: 1éxy—1px+lp, = O i
min
Oy = 0 .
S.t.
ps = 1
pt = 0

We can interpret the £, value as assigning a length to every edge.

Sy (X, ¥ =5,t):
Ssy (v #5,0):
fxs (x =5s,t):
Jiy (y #s,0):
fxt (x =5,t):
Sse:

Sts:

> xy) Exylxy
sy —1px+1py
1€sy— ps+1lpy

HWxs—1px+ ps
141y— pi+lp,
Wxt—1px+ pr
s~ ps+ pt
11— pi+ Ps

Uxy

IV IV IV IV IV IV IV

\%

S O O O O o o o

with p =0 and p; = 1.
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LP-Formulation of Maxflow

We can interpret the £, value as assigning a length to every edge.

min
s.t.

fxy:

> (xy) Exylxy
Llxy—1px+1py

by
Ps
Pt

%

%

S = O O

The value py for a variable, then can be seen as the distance of x to t

(where the distance from s to t is required to be 1 since ps = 1).

T
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LP-Formulation of Maxflow

min
s.t.

Sxy (x,y #5,1):
fsy (y #s,t):
fxs (x =5s,t):
Sy (¥ #5,0):
fxt (x =5,t):
Sse:

Sts:

2xy) Cxyxy
1€xy_1px+1p3/
145y— ps+lpy
Hxs—1px+ ps
19133;— pt-l-lpy

Hxi—1px+ pr
s~ pst+ pe
Wis— pe+ ps

Lyy

IV IV IV IV IV IV IV

\%

S O O O O o o o

with p =0 and p; = 1.
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LP-Formulation of Maxflow

min Z(xy) nygxy

s.t. fxy: 1éxy—1px+lp, = O
Yy = 0
Ps = 1
pe = 0

We can interpret the £, value as assigning a length to every edge.

The value py for a variable, then can be seen as the distance of x to t
(where the distance from s to t is required to be 1 since ps = 1).

The constraint px < ¥y, + p, then simply follows from triangle
inequality (d(x,t) <d(x,y) +d(y,t) > d(x,t) < #Xy +d(y,t)).
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LP-Formulation of Maxflow

min
s.t.

Sxy (x,y #5,1):
fsy (y #s,t):
fxs (x =5s,t):
Sy (¥ #5,0):
fxt (x =5,t):
Sse:

Sts:

X xy) Cxylxy
18xy—1px+1p,
14sy— ps+lp,
HWxs—1px+ ps
141y— pi+lp,

Hxi—1px+ pr
s~ pst+ pe
Wis— pe+ ps

Lyy

IV IV IV IV IV IV IV

\%
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with p =0 and p; = 1.
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One can show that there is an optimum LP-solution for the dual
problem that gives an integral assignment of variables.

T
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LP-Formulation of Maxflow

min Z(xy) Cxylxy

s.t. fxy: 1éxy—1px+lpy, = O
by = 0
Ps = 1
prt = 0

We can interpret the £, value as assigning a length to every edge.

The value p for a variable, then can be seen as the distance of x to ¢
(where the distance from s to t is required to be 1 since ps = 1).

The constraint px < {x, + p, then simply follows from triangle

inequality (d(x,t) <d(x,y)+d(y,t) > d(x,t) < {)Xy +d(y,t)).
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LP-Formulation of Maxflow

One can show that there is an optimum LP-solution for the dual min 2xy) Cxylxy
problem that gives an integral assignment of variables. s.t. fxy: 1éxy—1px+lpy, = O
Oy = 0
This means px = 1 or px = 0 for our case. This gives rise to a ps = 1
cut in the graph with vertices having value 1 on one side and the pr = 0

other vertices on the other side. The objective function then

evaluates the capacity of this cut.
We can interpret the £, value as assigning a length to every edge.

The value p for a variable, then can be seen as the distance of x to ¢
(where the distance from s to t is required to be 1 since ps = 1).

The constraint px < {x, + p, then simply follows from triangle

inequality (d(x,t) <d(x,y)+d(y,t) > d(x,t) < {)Xy +d(y,t)).
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LP-Formulation of Maxflow

One can show that there is an optimum LP-solution for the dual min 2xy) Cxylxy
problem that gives an integral assignment of variables. s.t. fxy: 1éxy—1px+lpy, = O
Oy = 0
This means px = 1 or px = 0 for our case. This gives rise to a ps = 1
cut in the graph with vertices having value 1 on one side and the pr = 0

other vertices on the other side. The objective function then
evaluates the capacity of this cut.

We can interpret the £, value as assigning a length to every edge.
This shows that the Maxflow/Mincut theorem follows from linear

programming duality. The value p for a variable, then can be seen as the distance of x to ¢

(where the distance from s to t is required to be 1 since ps = 1).
The constraint px < {x, + p, then simply follows from triangle

inequality (d(x,t) <d(x,y)+d(y,t) > d(x,t) < {)Xy +d(y,t)).
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Degeneracy Revisited
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Degeneracy Revisited

If a basis variable is 0 in the basic feasible solution then we may
not make progress during an iteration of simplex.
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Degenerate Example

beer

max 13a + 23b
s.t. 5a + 15b + s, =480
80/17-a + 4b + Sp =160
35a + 20b + Sm = 1190
a, b,sc,sn,Ssm=0

ale

Degeneracy Revisited

If a basis variable is O in the basic feasible solution then we may
not make progress during an iteration of simplex.
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Degenerate Example Degeneracy Revisited

max 13a + 23b
ot Sa 4 15b + s, — 480 If a basis variable is 0 in the basic feasible solution then we may
not make progress during an iteration of simplex.

80/17-a + 4b + sp =160
35a + 20b + Sm = 1190
a, b,sc,sn,sm=20

beer

| {Scy Shy Sm} ale
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Degenerate Example

beer

>
>

A

el
S
L
Qs
4
! a-direc.

b-direc.

max 13a + 23b
s.t. 5a + 15b + s, =480
80/17-a + 4b + Sp =160
35a + 20b + Sm = 1190
a, b,sc,sn,Ssm=0

{Sc, Shy Sm}

ale

Degeneracy Revisited

If a basis variable is O in the basic feasible solution then we may
not make progress during an iteration of simplex.
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Degenerate Example Degeneracy Revisited

max 13a + 23b
ot Sa 4 15b + s, — 480 If a basis variable is 0 in the basic feasible solution then we may
not make progress during an iteration of simplex.

80/17-a + 4b + sp =160
35a + 20b + Sm = 1190
a, b,sc,sn,sm=20

beer

I {Sc, Shy Sm} ale {a, s¢, sn}
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Degenerate Example Degeneracy Revisited

max 13a + 23b . . . . . . .
ot Sa 4 15b + s, — 480 If a basis variable is 0 in the basic feasible solution then we may
not make progress during an iteration of simplex.

80/17-a + 4b + sp =160
35a + 20b + Sm = 1190
a, b,sc,sn,sm=20

beer

_smrdirec.

I {Sc, Shy Sm} ale h {a, s¢, sn}
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Degenerate Example Degeneracy Revisited

max 13a + 23b
ot Sa 4 15b + s, — 480 If a basis variable is 0 in the basic feasible solution then we may
not make progress during an iteration of simplex.

80/17-a + 4b + sp =160
35a + 20b + Sm = 1190
a, b,sc,sn,sm=20

beer

I {Sc, Shy Sm} ale {a, s¢, sn}
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Degenerate Example Degeneracy Revisited

max 13a + 23b . . . . . . .
ot Sa 4 15b + s, — 480 If a basis variable is 0 in the basic feasible solution then we may
not make progress during an iteration of simplex.

80/17-a + 4b + sp =160
35a + 20b + Sm = 1190
a, b,sc,sn,sm=20

beer

| {Sc, Shy Sm}
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Degenerate Example Degeneracy Revisited

max 13a + 23b
ot Sa 4 15b + s, — 480 If a basis variable is 0 in the basic feasible solution then we may
not make progress during an iteration of simplex.

80/17-a + 4b + sp =160
35a + 20b + Sm = 1190
a, b,sc,sn,sm=20

beer

I {Sc, Shy Sm} ale {a, sc, sn}
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Degenerate Example

T
{a,b, 57} N

beer

| {Sc, Shy Sm}

13a + 23b
5a + 15b + s, =480
80/17-a + 4b + Sp =160
35a + 20b + Sm = 1190
a, b,sc,snh,sm=0

&

ale

{a, sc, sn}

Degeneracy Revisited

If a basis variable is O in the basic feasible solution then we may
not make progress during an iteration of simplex.
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Degeneracy Revisited Degenerate Example

max 13a + 23b

If a basis variable is 0 in the basic feasible solution then we may ot Sa 4 15b + s, — 480
not make progress during an iteration of simplex. 80/17-a + 4b + 5 - 160
35a + 20b + Sm = 1190

a, b,sc,sn,sm=0

beer

~—

\ {a, b, sc}

[ tser snosm} ‘ ale L f{a,se,sn)
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Degeneracy Revisited Degenerate Example

max 13a + 23b

If a basis variable is 0 in the basic feasible solution then we may ot Sa 4 15b + s, — 480
not make progress during an iteration of simplex. 80/17-a + 4b + 5 =160
35a + 20b + Sm = 1190

a, b,sc,sn,sm=0

Idea:
Given feasible LP := max{c’x, Ax = b;x > 0}. Change it into
LP' := max{cTx,Ax = b’,x = 0} such that

beer

~—

\ {a, b, sc}

[ tser snosm} ‘ ale L f{a,se,sn)
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Degeneracy Revisited Degenerate Example

max 13a + 23b

If a basis variable is 0 in the basic feasible solution then we may ot Sa 4 15b + s, — 480
not make progress during an iteration of simplex. 80/17-a + 4b + 5 =160
35a + 20b + Sm = 1190

a, b,sc,sn,sm=0

Idea:
Given feasible LP := max{c’x, Ax = b;x > 0}. Change it into
LP' := max{cTx,Ax = b’,x = 0} such that

I. LP is feasible

beer

~—

\ {a, b, sc}

[ tser snosm} ‘ ale L f{a,se,sn)
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Degeneracy Revisited

If a basis variable is 0 in the basic feasible solution then we may
not make progress during an iteration of simplex.

Idea:
Given feasible LP := max{c’x, Ax = b;x > 0}. Change it into
LP' := max{cTx,Ax = b’,x = 0} such that

I. LP is feasible

Il. If a set B of basis variables corresponds to an infeasible
basis (i.e. Az'b # 0) then B corresponds to an infeasible
basis in LP’ (note that columns in Ag are linearly
independent).
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Degenerate Example

max 13a + 23b

s.t. 5a + 15b + s, =480
80/17-a + 4b + Sp =160
35a + 20b + Sm = 1190

b,sc,Sh,Ssm=0

beer

~—

:

N\ {a,b, 5.}

[tscrsmosmy ale  lasesu



Degeneracy Revisited

If a basis variable is 0 in the basic feasible solution then we may
not make progress during an iteration of simplex.

Idea:
Given feasible LP := max{c’x, Ax = b;x > 0}. Change it into
LP" := max{cTx,Ax = b’,x = 0} such that
I. LP is feasible
Il. If a set B of basis variables corresponds to an infeasible
basis (i.e. Az'b # 0) then B corresponds to an infeasible
basis in LP’ (note that columns in Ag are linearly
independent).

Il. LP’" has no degenerate basic solutions
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Degenerate Example

max 13a + 23b

s.t. 5a + 15b + s, =480
80/17-a + 4b + Sp =160
35a + 20b + Sm = 1190

b,sc,Sh,Ssm=0

beer

T~—

\ {a,b, s}

I {sc, ShyS‘m} ‘ éle ‘ {a, sc, sn}




Perturbation Degeneracy Revisited

If a basis variable is O in the basic feasible solution then we may
Let B be index set of some basis with basic solution not make progress during an iteration of simplex.

X% =Ag'b > 0,x5 =0 (i.e. Bis feasible) Idea:
Given feasible LP := max{c’x, Ax = b;x > 0}. Change it into
LP’ := max{cTx,Ax = b’,x = 0} such that
I. LP' is feasible
Il. If a set B of basis variables corresponds to an infeasible
basis (i.e. Az'b # 0) then B corresponds to an infeasible
basis in LP" (note that columns in Ag are linearly
independent).

lll. LP’ has no degenerate basic solutions
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Perturbation

Let B be index set of some basis with basic solution

X% =Ag'b > 0,x5 =0 (i.e. Bis feasible)

Fix

b':=b + Ap fore>0 .

E?ﬂ

This is the perturbation that we are using.
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Degeneracy Revisited

If a basis variable is O in the basic feasible solution then we may
not make progress during an iteration of simplex.

Idea:
Given feasible LP := max{c’x, Ax = b;x > 0}. Change it into
LP’ := max{cTx,Ax = b’,x = 0} such that

I. LP' is feasible

Il. If a set B of basis variables corresponds to an infeasible
basis (i.e. Az'b # 0) then B corresponds to an infeasible
basis in LP" (note that columns in Ag are linearly
independent).

lll. LP’ has no degenerate basic solutions
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Property | Degeneracy Revisited

If a basis variable is O in the basic feasible solution then we may
not make progress during an iteration of simplex.

The new LP is feasible because the set B of basis variables

Idea:
provides a feasible basis:

Given feasible LP := max{c’x, Ax = b;x > 0}. Change it into
LP’ := max{cTx,Ax = b’,x = 0} such that
I. LP' is feasible

Il. If a set B of basis variables corresponds to an
basis (i.e. Az'b # 0) then B corresponds to an infeasible
basis in LP" (note that columns in Ag are linearly
independent).

lll. LP’ has no degenerate basic solutions
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Property | Degeneracy Revisited

If a basis variable is O in the basic feasible solution then we may

The new LP is feasible because the set B of basis variables
provides a feasible basis:

Agl|b+Ap| : =xp+| 1 ]=20.

gm gm

m EADS Il 6 Degeneracy Revisited
Harald Racke

not make progress during an iteration of simplex.

Idea:
Given feasible LP := max{c’x, Ax = b;x > 0}. Change it into
LP’ := max{cTx,Ax = b’,x = 0} such that

I. LP' is feasible

Il. If a set B of basis variables corresponds to an infeasible
basis (i.e. Az'b # 0) then B corresponds to an infeasible
basis in LP" (note that columns in Ag are linearly
independent).

lll. LP’ has no degenerate basic solutions

EADS I 6 Degeneracy Revisited
Harald Racke

119



Property Il Degeneracy Revisited

If a basis variable is O in the basic feasible solution then we may
Let B be a non-feasible basis. This means (Alglb),f < 0 for some not make progress during an iteration of simplex.
row i.
Idea:
Given feasible LP := max{c’x, Ax = b;x > 0}. Change it into
LP’ := max{cTx,Ax = b’,x = 0} such that
I. LP is feasible

Il. If a set B of basis variables corresponds to an infeasible
basis (i.e. Az'b # 0) then B corresponds to an infeasible
basis in LP" (note that columns in Ag are linearly
independent).

lll. LP’ has no degenerate basic solutions
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Property Il

Let B be a non-feasible basis. This means (Alglb),f < 0 for some
row i.

Then for small enough € > 0

&

Azl | b+ Ap
gm .
1
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Degeneracy Revisited

If a basis variable is O in the basic feasible solution then we may
not make progress during an iteration of simplex.

Idea:
Given feasible LP := max{c’x, Ax = b;x > 0}. Change it into
LP’ := max{cTx,Ax = b’,x = 0} such that

I. LP' is feasible

Il. If a set B of basis variables corresponds to an infeasible
basis (i.e. Az'b # 0) then B corresponds to an infeasible
basis in LP" (note that columns in Ag are linearly
independent).

lll. LP’ has no degenerate basic solutions
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Property Il

Let B be a non-feasible basis. This means (Alglb)i < 0 for some
row i.

Then for small enough € > 0

& &
= (Az'b)i + [ Az'Ap | <0

em em
i i

Al

B b+AB
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Degeneracy Revisited

If a basis variable is O in the basic feasible solution then we may
not make progress during an iteration of simplex.

Idea:
Given feasible LP := max{c’x, Ax = b;x > 0}. Change it into
LP’ := max{cTx,Ax = b’,x = 0} such that

I. LP' is feasible

Il. If a set B of basis variables corresponds to an infeasible
basis (i.e. Az'b # 0) then B corresponds to an infeasible
basis in LP" (note that columns in Ag are linearly
independent).

lll. LP’ has no degenerate basic solutions

EADS Il
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Property Il

Let B be a non-feasible basis. This means (Alglb)i < 0 for some
row i.

Then for small enough € > 0

& &
= (Az'h)i+ | Azl Ap | <0

em em
i i

Al

B b+AB

Hence, B is not feasible.
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Degeneracy Revisited

If a basis variable is O in the basic feasible solution then we may
not make progress during an iteration of simplex.

Idea:
Given feasible LP := max{c’x, Ax = b;x > 0}. Change it into
LP’ := max{cTx,Ax = b’,x = 0} such that

I. LP' is feasible

Il. If a set B of basis variables corresponds to an infeasible
basis (i.e. Az'b # 0) then B corresponds to an infeasible
basis in LP" (note that columns in Ag are linearly
independent).

lll. LP’ has no degenerate basic solutions
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Property lli

Let B be a basis. It has an associated solution

in the perturbed instance.
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Degeneracy Revisited

If a basis variable is O in the basic feasible solution then we may
not make progress during an iteration of simplex.

Idea:
Given feasible LP := max{c’x, Ax = b;x > 0}. Change it into
LP’ := max{cTx,Ax = b’,x = 0} such that

I. LP' is feasible

Il. If a set B of basis variables corresponds to an infeasible
basis (i.e. Az'b # 0) then B corresponds to an infeasible
basis in LP" (note that columns in Ag are linearly
independent).

lll. LP’ has no degenerate basic solutions
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Property lli

Let B be a basis. It has an associated solution

in the perturbed instance.

We can view each component of the vector as a polynom with
variable € of degree at most m.

6 Degeneracy Revisited
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Degeneracy Revisited

If a basis variable is O in the basic feasible solution then we may
not make progress during an iteration of simplex.

Idea:
Given feasible LP := max{c’x, Ax = b;x > 0}. Change it into
LP’ := max{cTx,Ax = b’,x = 0} such that

I. LP' is feasible

Il. If a set B of basis variables corresponds to an
basis (i.e. Az'b # 0) then B corresponds to an infeasible
basis in LP" (note that columns in Ag are linearly
independent).

lll. LP’ has no degenerate basic solutions
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variable € of degree at most m.
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A polynom of degree at most m has at most m roots
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We can view each component of the vector as a polynom with
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A polynom of degree at most m has at most m roots
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Degeneracy Revisited
Since, there are no degeneracies Simplex will terminate when

run on LP'. If a basis variable is 0 in the basic feasible solution then we may
not make progress during an iteration of simplex.
Idea:
Given feasible LP := max{c’x, Ax = b;x > 0}. Change it into
LP’ := max{cTx,Ax = b’,x = 0} such that
I. LP is feasible
Il. If a set B of basis variables corresponds to an
basis (i.e. Az'b # 0) then B corresponds to an infeasible
basis in LP" (note that columns in Ag are linearly
independent).
lll. LP’ has no degenerate basic solutions
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Since, there are no degeneracies Simplex will terminate when
run on LP’.

» If it terminates because the reduced cost vector fulfills

= (cT —cfAgta) <0

™

then we have found an optimal basis.
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Degeneracy Revisited
Since, there are no degeneracies Simplex will terminate when

run on LP'. If a basis variable is O in the basic feasible solution then we may

» If it terminates because the reduced cost vector fulfills not make progress during an iteration of simplex.

= (cT —cfAgta) <0 Idea:
Given feasible LP := max{c’x, Ax = b;x > 0}. Change it into
LP’ := max{cTx,Ax = b’,x = 0} such that

I. LP is feasible

™

then we have found an optimal basis. Note that this basis is
also optimal for LP, as the above constraint does not

depend on b. _ _ _ _

Il. If a set B of basis variables corresponds to an infeasible
basis (i.e. Az'b # 0) then B corresponds to an infeasible
basis in LP" (note that columns in Ag are linearly
independent).
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Since, there are no degeneracies Simplex will terminate when
run on LP’.

» If it terminates because the reduced cost vector fulfills

™

= (cT —cfAgta) <0

then we have found an optimal basis. Note that this basis is
also optimal for LP, as the above constraint does not
depend on b.

> If it terminates because it finds a variable x; with ¢; > 0 for
which the j-th basis direction d, fulfills d = 0 we know that
LP is unbounded. The basis direction does not depend on
b. Hence, we also know that LP is unbounded.
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Lexicographic Pivoting

Doing calculations with perturbed instances may be costly. Also

the right choice of ¢ is difficult.
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Since, there are no degeneracies Simplex will terminate when
run on LP'.

» If it terminates because the reduced cost vector fulfills
¢=(cT-cfAgla) <0

then we have found an optimal basis. Note that this basis is
also optimal for LP, as the above constraint does not
depend on b.

» If it terminates because it finds a variable x; with ¢; > 0 for
which the j-th basis direction d, fulfills d = 0 we know that
LP’ is unbounded. The basis direction does not depend on
b. Hence, we also know that LP is unbounded.
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Doing calculations with perturbed instances may be costly. Also

the right choice of ¢ is difficult.

Idea:
Simulate behaviour of LP” without explicitly doing a perturbation.
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depend on b.
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Lexicographic Pivoting

T

EADS Il
Harald Racke

6 Degeneracy Revisited

126/569

Lexicographic Pivoting

Doing calculations with perturbed instances may be costly. Also
the right choice of ¢ is difficult.

Idea:

Simulate behaviour of LP” without explicitly doing a perturbation.
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Lexicographic Pivoting

We choose the entering variable arbitrarily as before (¢, > 0, of

course).
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Lexicographic Pivoting Lexicographic Pivoting

We choose the entering variable arbitrarily as before (¢, > 0, of

course). Doing calculations with perturbed instances may be costly. Also
the right choice of ¢ is difficult.

If we do not have a choice for the leaving variable then LP" and

LP do the same (i.e., choose the same variable). Idea:

Simulate behaviour of LP” without explicitly doing a perturbation.
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Lexicographic Pivoting

We choose the entering variable arbitrarily as before (¢, > 0, of
course).

If we do not have a choice for the leaving variable then LP" and
LP do the same (i.e., choose the same variable).

Otherwise we have to be careful.
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Lexicographic Pivoting Lexicographic Pivoting

In the following we assume that b > 0. This can be obtained by
replacing the initial system (A | b) by (Az'A | Az'b) where B is
the index set of a feasible basis (found e.g. by the first phase of
the Two-phase algorithm).

We choose the entering variable arbitrarily as before (¢, > 0, of
course).

If we do not have a choice for the leaving variable then LP" and
LP do the same (i.e., choose the same variable).

Otherwise we have to be careful.

m EADS Il 6 Degeneracy Revisited EADS Il 6 Degeneracy Revisited
Harald Racke 127/569 Harald Racke 126



Lexicographic Pivoting

In the following we assume that b > 0. This can be obtained by
replacing the initial system (A | b) by (Az'A | Az'b) where B is
the index set of a feasible basis (found e.g. by the first phase of
the Two-phase algorithm).

Then the perturbed instance is

b"=b+

EWL
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We choose the entering variable arbitrarily as before (¢, > 0, of
course).

If we do not have a choice for the leaving variable then LP" and
LP do the same (i.e., choose the same variable).

Otherwise we have to be careful.
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Matrix View Lexicographic Pivoting

Let our linear program be

C1§XB + C}(]XN = Z In the following we assume that b > 0. This can be obtained by
Apxp + ANxy = b replacing the initial system (A | b) by (A§1A | Az'b) where B is
XB xN = 0 the index set of a feasible basis (found e.g. by the first phase of
the Two-phase algorithm).
The simplex tableaux for basis B is
Then the perturbed instance is
(cN—cBABIAN)xN = Z-clAg'b
Ixp + AglAnxn = Ag'b €
XB xy = 0 b’ =b+ .

Em
The BFS is given by xy = 0, xp = Aglb.

If (cf; — cfAgtAN) < 0 we know that we have an optimum
solution.
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Lexicographic Pivoting Matrix View
Let our linear program be

chB + c{,xN = Z

- Apxp + ANXN = b

LP chooses an arbitrary leaving variable that has Ay, > 0 and xXp xy = 0
minimizes

Op The simplex tableaux for basis B is
(ckh —ckAg'AN)XN = Z-ciAR'D
Ixp + AglAnxn = Aglb
XB , XN = 0

The BFS is given by xy = 0,xp = Az'b.

If (cf; — cfAgtAN) < 0 we know that we have an optimum
solution.
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Lexicographic Pivoting Matrix View
Let our linear program be

chB + c{,xN = Z

. Apxp + ANxN = b

LP chooses an arbitrary leaving variable that has Ay, > 0 and Xz Xy = 0
minimizes 7lb)

0p = jje = (X;]fA*f)e . The simplex tableaux for basis B is
(ckh —ckAg'AN)XN = Z-ciAR'D
Ixp + AglAnxn = Aglb
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Lexicographic Pivoting Matrix View
Let our linear program be

ckxp + chxy = Z
. Apxp + ANxN = b
LP chooses an arbitrary leaving variable that has Ay, > 0 and xXp xy = 0
minimizes R .
by (Ag~b)y
Op=——=—""1T—"+ - The simplex tableaux for basis B is
Age (ABlA*e)e P
. . . . - . . (cN —Cc4Ag'AN)xN = Z —cjAp'b
£ is the index of a Ieavmg varla.ble Wl.thll"l B. This means if e.g. Ixg + AlAnxy = Aglb
B =1{1,3,7,14} and leaving variable is 3 then £ = 2. . xy = 0

The BFS is given by xy = 0,xp = Az'b.

If (cf; — cfAgtAN) < 0 we know that we have an optimum
solution.
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Lexicographic Pivoting

Definition 44
U <jex v if and only if the first component in which u and v
differ fulfills u; < v;.
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Lexicographic Pivoting

LP chooses an arbitrary leaving variable that has A, > 0 and
minimizes
o, Lo _ gy

Age  (Ag'Ase)y
Y is the index of a leaving variable within B. This means if e.qg.
B ={1,3,7,14} and leaving variable is 3 then £ = 2.
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Lexicographic Pivoting

LP’ chooses an index that minimizes
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Lexicographic Pivoting

LP chooses an arbitrary leaving variable that has A, > 0 and
minimizes R
by (Ag'b)y

9€ =7 = T 1. . -
Age (ABlA*e)€

Y is the index of a leaving variable within B. This means if e.qg.

B ={1,3,7,14} and leaving variable is 3 then £ = 2.
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Lexicographic Pivoting

LP’ chooses an index that minimizes

£
Agt b+

gm 0
(AglA*e)ﬁ
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Lexicographic Pivoting

LP’ chooses an index that minimizes

1
£ L £
Ap 1
Azl | b+ | g (P10
gm ¢ _ gm
(AglA*e)ﬁ (AEIA*e){’
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Lexicographic Pivoting

LP chooses an arbitrary leaving variable that has A, > 0 and
minimizes R
by (Ag'b)y

9€ =7 = T 1. . -
Age (ABlA*e)€

Y is the index of a leaving variable within B. This means if e.qg.
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Lexicographic Pivoting

LP’ chooses an index that minimizes

1
3 . 3
Azl | b+ Ag (B 1D
_ em 0 _ em
(AglA*e)ﬁ (AEIA*e){’
_ l-throwof Ag'(b | 1) | €
(Ap'Ase)p :
gm

T

EADS Il
Harald Racke

6 Degeneracy Revisited

131/569

Lexicographic Pivoting

LP chooses an arbitrary leaving variable that has A, > 0 and
minimizes R
by (Ag'b)y

9€ =7 = T 1. . -
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Lexicographic Pivoting

This means you can choose the variable/row £ for which the

vector
£-th row of AgY(b | )

(AglAse)p

is lexicographically minimal.
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Lexicographic Pivoting

LP’ chooses an index that minimizes

1
& 1 &
Azl | b+ Ag (b 1D
. gL P G /
‘- (A5 Axe)y VY

_ lthrowof Ag'(b | 1) | €
(Ag'Ase)y :

Em
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Lexicographic Pivoting

This means you can choose the variable/row £ for which the
vector
£-th row of AgY(b | )
(Ap'Axe)p

is lexicographically minimal.

Of course only including rows with (AglA*e)g > 0.
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Lexicographic Pivoting

LP’ chooses an index that minimizes

1
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Azl | b+ A4 (110
0, - &)y _ "))

(AL_;IA*e)E (AEIA*e)ﬂ
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Lexicographic Pivoting

This means you can choose the variable/row £ for which the

vector
£-th row of AgY(b | )

(AglAse)p

is lexicographically minimal.

Of course only including rows with (AglA*e)g > 0.

This technique guarantees that your pivoting is the same as in

the perturbed case. This guarantees that cycling does not occur.
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Lexicographic Pivoting

LP’ chooses an index that minimizes

1
& 1 &
Azl | b+ Ag (b 1D
g P Gt /
00 = (A Axe)y - (A Axe)y

_ lthrowof Ag'(b | 1) | €
(Ag'Ase)y :

gm
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Number of Simplex Iterations

m EADS I 7 Klee Minty Cube
Harald Racke 133/569



Number of Simplex Iterations

Each iteration of Simplex can be implemented in polynomial
time.
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Number of Simplex Iterations

Each iteration of Simplex can be implemented in polynomial
time.

If we use lexicographic pivoting we know that Simplex requires
at most (;:L) iterations, because it will not visit a basis twice.
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Number of Simplex Iterations

Each iteration of Simplex can be implemented in polynomial
time.

If we use lexicographic pivoting we know that Simplex requires
at most (rﬁ) iterations, because it will not visit a basis twice.

The input size is L - n - m, where n is the number of variables,
m is the number of constraints, and L is the length of the binary
representation of the largest coefficient in the matrix A.

‘m EADS II 7 Klee Minty Cube
Harald Racke 133/569



Number of Simplex Iterations

Each iteration of Simplex can be implemented in polynomial
time.

If we use lexicographic pivoting we know that Simplex requires
at most (rﬁ) iterations, because it will not visit a basis twice.

The input size is L - n - m, where n is the number of variables,
m is the number of constraints, and L is the length of the binary
representation of the largest coefficient in the matrix A.

If we really require (%) iterations then Simplex is not a

polynomial time algorithm.
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Number of Simplex Iterations

Each iteration of Simplex can be implemented in polynomial
time.

If we use lexicographic pivoting we know that Simplex requires
at most (Z) iterations, because it will not visit a basis twice.

The input size is L - n - m, where n is the number of variables,
m is the number of constraints, and L is the length of the binary
representation of the largest coefficient in the matrix A.

If we really require (;) iterations then Simplex is not a

polynomial time algorithm.

Can we obtain a better analysis?
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Number of Simplex Iterations Number of Simplex Iterations

Each iteration of Simplex can be implemented in polynomial
time.

If we use lexicographic pivoting we know that Simplex requires

Observation at most (::l) iterations, because it will not visit a basis twice.

Simplex visits every feasible basis at most once.
The input size is L - n - m, where n is the number of ,
m is the number of , and L is the length of the binary
representation of the largest coefficient in the matrix A.

If we really require (;;) iterations then Simplex is not a

polynomial time algorithm.

Can we obtain a better analysis?
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Number of Simplex Iterations

Observation
Simplex visits every feasible basis at most once.

However, also the number of feasible bases can be very large.
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Number of Simplex Iterations

Each iteration of Simplex can be implemented in polynomial
time.

If we use lexicographic pivoting we know that Simplex requires
at most (::l) iterations, because it will not visit a basis twice.

The input size is L - n - m, where n is the number of ,
m is the number of , and L is the length of the binary
representation of the largest coefficient in the matrix A.

If we really require (;;) iterations then Simplex is not a

polynomial time algorithm.

Can we obtain a better analysis?
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Example Number of Simplex Iterations

e L
max c!x I R |
s.t. 0<x7 < | | l
0<x» =<1 ! ! !
: E : : Observation
: | !
0<x,<1 : ! ! Simplex visits every feasible basis at most once.
< | —
“( LT Tx
X1 Tt -1

However, also the number of feasible bases can be very large.

21 constraint on n variables define an n-dimensional hypercube
as feasible region.

The feasible region has 2" vertices.
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.7 SR S IIE
max c!x A !
st. 0<x; <1 : | l
0<xpx =<1 ! | !
c | \ |
. | | |
0<x,<1 | | |
| \-»J
— =
X1 I g

However, Simplex may still run quickly as it usually does not
visit all feasible bases.

In the following we give an example of a feasible region for
which there is a bad Pivoting Rule.
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Example
=27 ‘///_);3 ——————— :::,I
max c! x I e !
st. 0<x; <1 i | |
0<xy <1 ! : !
0<xn<1 L///».§;\*§J

21 constraint on n variables define an n-dimensional hypercube
as feasible region.

The feasible region has 2" vertices.
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Pivoting Rule Example

DO
max ¢! x ) LT
st. 0<x1 <1 : !
0<xp <1 | !
A Pivoting Rule defines how to choose the entering and leaving : { [
. . . . ) ! l
variable for an iteration of Simplex. 0<xy<1 | :\—N
|
“{ | ===
In the non-degenerate case after choosing the entering variable X1 Sescode

the leaving variable is unique.

However, Simplex may still run quickly as it usually does not
visit all feasible bases.

In the following we give an example of a feasible region for
which there is a bad Pivoting Rule.
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Klee Minty Cube Pivoting Rule

max xn
s.t. 0<x1 =<1
eEx1 < x2 <1-€x;
€EX» < x3 <1-€x>
: A Pivoting Rule defines how to choose the entering and leaving
€EXn_1 <Xn <1—€xn1 variable for an iteration of Simplex.
Xi = 0

In the non-degenerate case after choosing the entering variable
the leaving variable is unique.

(1e1-¢)
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Observations Klee Minty Cube

» We have 2n constraints, and 37 variables (after adding max Xy
slack variables to every constraint). s.t. 0<x; =<1
€Ex1 =< x2 =1 —€x3
€Exr» < x3 <1—-€x>
€EXn-1 <Xn <1-€xnp_1
Xi = 0

(1e1-¢)

(1,¢, ea,

X1




Observations

» We have 2n constraints, and 37 variables (after adding
slack variables to every constraint).

» Every basis is defined by 2n variables, and 7 non-basic
variables.

Klee Minty Cube

max X
s.t.

0

EX] =<
€EXy <

€EXn-1

IAIA A

IV IA

1

1-€exy
1-—€x?
1-—€exn
0

(1e1-¢)

(1,€, ea_

X1




Observations

» We have 2n constraints, and 37 variables (after adding
slack variables to every constraint).

» Every basis is defined by 2n variables, and 7 non-basic
variables.

» There exist degenerate vertices.

Klee Minty Cube

max X
s.t.

0=<x;
EX]1 = X2
EX2 < X3

€Xn-1 < Xn

IAIA A

IV IA

1

1-€exy
1-—€x?
1-—€exn
0

(1e1-¢)

(1,€, ea,

X1

- 1,1-




Observations Klee Minty Cube

» We have 2n constraints, and 37 variables (after adding max Xn
slack variables to every constraint). s.t. 0<x; =<1
L . . . €x) < x2 <1 —€x;
» Every basis is defined by 2n variables, and 7 non-basic
] €Exr» < x3 <1—-€x>
variables.
> There exist degenerate vertices. €xn1 <Xxpn<1-€xn1
» The degeneracies come from the non-negativity constraints, xi 20

which are superfluous.

(1e1-¢)

(1,¢, ea,

X1 - ---(L1l-€€-€)"



Observations Klee Minty Cube

» We have 2n constraints, and 37 variables (after adding max Xn
slack variables to every constraint). s.t. 0<x; =<1
L . . . €x) < x2 <1 —€x;
» Every basis is defined by 2n variables, and 7 non-basic
] €Exr» < x3 <1—-€x>
variables.
> There exist degenerate vertices. €xn1 <Xxpn<1-€xn1
» The degeneracies come from the non-negativity constraints, xi 20

which are superfluous.

> In the following all variables x; stay in the basis at all times.

(1e1-¢)

(l,e,ea_
X1 T ---_(L1-¢€-€)"



Observations Klee Minty Cube

» We have 2n constraints, and 3n variables (after adding max Xn
slack variables to every constraint). s.t. 0<x; =<1
L . . . €x) < x2 <1 —€x;
» Every basis is defined by 2n variables, and n non-basic
] €Exr» < x3 <1—-€x>
variables.
» There exist degenerate vertices. €Xm_1 < Xn <1 — €Xn1
» The degeneracies come from the non-negativity constraints, xi 20

which are superfluous.

» In the following all variables x; stay in the basis at all times.

» Then, we can uniquely specify a basis by choosing for each el

variable whether it should be equal to its lower bound, or !
equal to its upper bound (the slack variable corresponding !
to the non-tight constraint is part of the basis). I
1
1
I
I
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Observations Klee Minty Cube

» We have 2n constraints, and 3n variables (after adding max Xn
slack variables to every constraint). s.t. 0<x; =<1
L . . . €x) < x2 <1 —€x;
» Every basis is defined by 2n variables, and n non-basic
] €Exr» < x3 <1—-€x>
variables.
» There exist degenerate vertices. €Xm_1 < Xn <1 — €Xn1
» The degeneracies come from the non-negativity constraints, xi 20

which are superfluous.

» In the following all variables x; stay in the basis at all times.

» Then, we can uniquely specify a basis by choosing for each tet-@
variable whether it should be equal to its lower bound, or !
equal to its upper bound (the slack variable corresponding !
to the non-tight constraint is part of the basis). i

» We can also simply identify each basis/vertex with the

corresponding hypercube vertex obtained by letting € — 0. Aeéh))
X1




Analysis

T

» In the following we specify a sequence of bases (identified
by the corresponding hypercube node) along which the
objective function strictly increases.
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Observations

We have 2n constraints, and 37 variables (after adding
slack variables to every constraint).

Every basis is defined by 21 variables, and 7 non-basic
variables.

There exist degenerate vertices.

The degeneracies come from the non-negativity constraints,
which are superfluous.

In the following all variables x; stay in the basis at all times.

Then, we can uniquely specify a basis by choosing for each
variable whether it should be equal to its lower bound, or
equal to its upper bound (the slack variable corresponding
to the non-tight constraint is part of the basis).

We can also simply identify each basis/vertex with the
corresponding hypercube vertex obtained by letting € — 0.



Analysis Observations

» We have 2n constraints, and 37 variables (after adding
slack variables to every constraint).

> In the following we specify a sequence of bases (identified » Every basis is defined by 2n variables, and n non-basic
by the corresponding hypercube node) along which the variables.
objective function strictly increases. » There exist degenerate vertices.

> The basis (0,...,0,1) is the unique optimal basis. » The degeneracies come from the non-negativity constraints,

which are superfluous.
» In the following all variables x; stay in the basis at all times.

» Then, we can uniquely specify a basis by choosing for each
variable whether it should be equal to its lower bound, or
equal to its upper bound (the slack variable corresponding
to the non-tight constraint is part of the basis).

» We can also simply identify each basis/vertex with the
corresponding hypercube vertex obtained by letting € — 0.
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Analysis Observations

» We have 2n constraints, and 37 variables (after adding
slack variables to every constraint).

> In the following we specify a sequence of bases (identified » Every basis is defined by 2n variables, and n non-basic

by the corresponding hypercube node) along which the variables.

objective function strictly increases. » There exist degenerate vertices.
> The basis (0,...,0,1) is the unique optimal basis. » The degeneracies come from the non-negativity constraints,
» Our sequence S, starts at (0,...,0) ends with (0,...,0,1) which are superfluous.

and visits every node of the hypercube. » In the following all variables x; stay in the basis at all times.

» Then, we can uniquely specify a basis by choosing for each
variable whether it should be equal to its lower bound, or
equal to its upper bound (the slack variable corresponding
to the non-tight constraint is part of the basis).

» We can also simply identify each basis/vertex with the
corresponding hypercube vertex obtained by letting € — 0.
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Analysis

T

» In the following we specify a sequence of bases (identified
by the corresponding hypercube node) along which the
objective function strictly increases.

» The basis (0,...,0,1) is the unique optimal basis.

» Our sequence Sy starts at (0,...,0) ends with (0,...,0,1)
and visits every node of the hypercube.

» An unfortunate Pivoting Rule may choose this sequence,
and, hence, require an exponential number of iterations.
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Observations

We have 2n constraints, and 37 variables (after adding
slack variables to every constraint).

Every basis is defined by 21 variables, and 7 non-basic
variables.

There exist degenerate vertices.

The degeneracies come from the non-negativity constraints,
which are superfluous.

In the following all variables x; stay in the basis at all times.

Then, we can uniquely specify a basis by choosing for each
variable whether it should be equal to its lower bound, or
equal to its upper bound (the slack variable corresponding
to the non-tight constraint is part of the basis).

We can also simply identify each basis/vertex with the
corresponding hypercube vertex obtained by letting € — 0.



Klee Minty Cube

(1,61 —:ez)

max X

AN IA

IANIA A
—
|
m
=
R

(L& &),

0,1,€)

X1

Analysis

» In the following we specify a sequence of bases (identified
by the corresponding hypercube node) along which the
objective function strictly increases.

» The basis (0,...,0,1) is the unique optimal basis.

» Our sequence Sj, starts at (0,...,0) ends with (0,...,0,1)
and visits every node of the hypercube.

» An unfortunate Pivoting Rule may choose this sequence,
and, hence, require an exponential number of iterations.
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Klee Minty Cube Analysis

max X
s.t O0<x; =<1
ex; < x2 <1—ex; » In the following we specify a sequence of bases (identified
€x2 < x3 <1-€xp by the corresponding hypercube node) along which the

objective function strictly increases.
» The basis (0,...,0,1) is the unique optimal basis.

» Our sequence Sj, starts at (0,...,0) ends with (0,...,0,1)
(Le1-¢€) and visits every node of the hypercube.
» An unfortunate Pivoting Rule may choose this sequence,

and, hence, require an exponential number of iterations.

0,1,€)

(L& &), o
x; T ---Ql-ge-e) -7 X2
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Klee Minty Cube Analysis

max X
s.t 0<x1 =<1
ex; < x2 <1—ex; » In the following we specify a sequence of bases (identified
€x2 < x3 <1-€xp by the corresponding hypercube node) along which the
objective function strictly increases.
©.0,1) » The basis (0,...,0,1) is the unique optimal basis.

» Our sequence Sj, starts at (0,...,0) ends with (0,...,0,1)
and visits every node of the hypercube.

L1-el-g+e) » An unfortunate Pivoting Rule may choose this sequence,
and, hence, require an exponential number of iterations.

0,1,€)
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Klee Minty Cube

max X
s.t. 0<x1 =<1

€EX] <x2 <1-€x1

€EX? < Xx3<1—-€x2

0,1,€)

Analysis

» In the following we specify a sequence of bases (identified
by the corresponding hypercube node) along which the
objective function strictly increases.

» The basis (0,...,0,1) is the unique optimal basis.

» Our sequence Sj, starts at (0,...,0) ends with (0,...,0,1)
and visits every node of the hypercube.

» An unfortunate Pivoting Rule may choose this sequence,
and, hence, require an exponential number of iterations.
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Klee Minty Cube

max X
s.t. 0<x; <1

€EX] <x2 <1-€x1

€EX? < Xx3<1—-€x2

<
<

0,1,€)

Analysis

» In the following we specify a sequence of bases (identified
by the corresponding hypercube node) along which the
objective function strictly increases.

» The basis (0,...,0,1) is the unique optimal basis.

» Our sequence Sj, starts at (0,...,0) ends with (0,...,0,1)
and visits every node of the hypercube.

» An unfortunate Pivoting Rule may choose this sequence,
and, hence, require an exponential number of iterations.
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Klee Minty Cube Analysis

max X
s.t O0<x; =<1
ex; <xp <1-ex » In the following we specify a sequence of bases (identified
€x2 < x3 <1-e€x by the corresponding hypercube node) along which the

objective function strictly increases.
» The basis (0,...,0,1) is the unique optimal basis.

» Our sequence Sj, starts at (0,...,0) ends with (0,...,0,1)
(Le1-¢€) and visits every node of the hypercube.
» An unfortunate Pivoting Rule may choose this sequence,

and, hence, require an exponential number of iterations.

0,1,€)

2 =
(1€ €) — -~ "xp
X1 -
EADS Il 7 Klee Minty Cube
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Klee Minty Cube Analysis

max X
s.t. 0<x1 =<1
ex; <xp <1-ex » In the following we specify a sequence of bases (identified
€x2 < x3 <1-e€x by the corresponding hypercube node) along which the

objective function strictly increases.
» The basis (0,...,0,1) is the unique optimal basis.

» Our sequence Sj, starts at (0,...,0) ends with (0,...,0,1)
(Le1-¢€) and visits every node of the hypercube.
» An unfortunate Pivoting Rule may choose this sequence,

and, hence, require an exponential number of iterations.

0,1,€)

(l,e,e:i) -
X1 T - _(L1-ee-€). -7 X2
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Klee Minty Cube Analysis

max X
s.t. 0<x1 =<1
ex; < x2 <1—ex; » In the following we specify a sequence of bases (identified
€x2 < x3 <1-e€x by the corresponding hypercube node) along which the

objective function strictly increases.
» The basis (0,...,0,1) is the unique optimal basis.

» Our sequence Sj, starts at (0,...,0) ends with (0,...,0,1)
(Le1-¢€) and visits every node of the hypercube.
» An unfortunate Pivoting Rule may choose this sequence,

and, hence, require an exponential number of iterations.

0,1,€)

(l,e,e:i) -
X1 T - _(L1-ee-€). -7 X2
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Klee Minty Cube

;/_l
(1,61 —:ez)

(L&)

X1

max X
s.t O0<x1 =<1
EX]1 <= X2 <1-€x1
€EX2 < X3 <1-€x2
(0,0,1)

0,1,€)

Analysis

» In the following we specify a sequence of bases (identified
by the corresponding hypercube node) along which the
objective function strictly increases.

» The basis (0,...,0,1) is the unique optimal basis.

» Our sequence Sj, starts at (0,...,0) ends with (0,...,0,1)
and visits every node of the hypercube.

» An unfortunate Pivoting Rule may choose this sequence,
and, hence, require an exponential number of iterations.
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Analysis Klee Minty Cube

The sequence S, that visits every node of the hypercube is

defined recursively max Xy
s.t. O0<sx1 =<1
0,...,0,0,0) ex1 <x2 <1-€x
€EX? <x3<1—-€x2
Sn—l
0,...,0,1,0) (0,0,1)
| 1
(0,...,0,1,1) i (1,1 - ¢, —fe+ez)
% rev : [
n-1 | :
(0,...,0,0,1) ;
. ) \ I 0,1,6
The non-recursive case is S1 =0 -1 e %,

: X1 == -2
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Analysis Klee Minty Cube

Lemma 45
The objective value xy, is increasing along path S,,. [TV 2577
s.t. 0<x; =<1
EX1 <= Xx2 <1-€x1
€EX? <x3<1—-€x2
(0,0,1)
(1,61 -':2; ()
|
! (1,1 — ¢, —fe+£2)
I
I
I
I
|
I
|
|
|
|
|
|
]
|
| |
\ ; ©,1,€)
(1,62 -~ %

X - Qlseed)



Analysis Klee Minty Cube

Lemma 45

The objective value xy, is increasing along path S,,. [TV 2577
s.t. 0<x; =<1

<
EX1 <= Xx2 <1-€x1
<

Proof by induction:

€Ex» =x3<1-€xo
(0,0,1)
(1,6,1_':2] 0,1,1-¢)
|
! (1,1 — ¢, —fe+£2)
I
I
I
I
I
I
I
I
I
I
I
I
]
I
|
! l
| ; ©,1,¢)
(1,¢€ €2) - "X

X - Qlseed)



Analysis Klee Minty Cube

Lemma 45

The objective value xy, is increasing along path S,,. [TV 2577

s.t. 0<x; =<1
€Ex1 <x2<1-€x;
€xy <x3<1-€x

<
Proof by induction: <

n = 1: obvious, since S =0—-1,and 1 > 0.

(0,0,1)
(1,61 —':2;‘ ©,1,1-¢
|
! (1,1 — ¢, —fe+ez)
I
I
I
I
|
I
|
|
|
|
|
|
]
|
|
! l
| ; ©,1,6)
) =
(1,62 %>




Analysis Klee Minty Cube

Lemma 45
The objective value xy, is increasing along path S,,. [TV 2577
s.t. 0<x; =<1

. . €x1 <xp <1-€x

Proof by induction: =72 !
ex» <x3<1-—€ex>
n = 1: obvious, since S =0—-1,and 1 > 0.
n-1-n (0,0,1)
» For the first part the value of x,;, = €x5,,1. OL1-0

1
(1,1 - €1 - €+ €?)

0,1, ¢€)

(L€ ¢) ==
“““““““ (l,l—e.el—ef)a” X2




Analysis Klee Minty Cube

Lemma 45
The objective value x,, is increasing along path S, .

max Xp
s.t. O0<x1 =<1
EX1 <= Xx2 <1-€x1

<

Proof by induction:
€EX? <x3<1—-€x2

n = 1: obvious, since S =0—-1,and 1 > 0.
n-1-n (0,0,1)
> For the first part the value of x;, = exy_1. =< OL1-0
(1,61 - €%) Y
» By induction hypothesis x;,—; is increasing along S, -1, : T )
hence, also x,. ! :
I
I
I
I
I
I
I
I
]
I
| |
| ; ©,1,6)
(16 ) ig -~ %

—_— — o) - -
X1 = ‘Q’-l—i'flf’)



Analysis

Lemma 45
The objective value x,, is increasing along path S, .

Proof by induction:

n = 1: obvious, since S =0—-1,and 1 > 0.
n-1-n
» For the first part the value of x,;, = €x5,,1.
» By induction hypothesis x;,—; is increasing along S, -1,
hence, also x,.
» Going from (0,...,0,1,0) to (0,...,0,1,1) increases x, for

small enough €.

Klee Minty Cube

max X,

s.t. 0<x1 =<1

<
€X] < Xp <

1-€ex;

€Ex» =x3<1-€xo

3
(1,€1 ~:ez)

(L€ ¢)

(0,0, 1)

1
(1,1 - €1 - €+ €?)

0,1,1 -¢)

0,1, ¢€)




Analysis

Lemma 45
The objective value x,, is increasing along path S, .

Proof by induction:

n =

n_

>

>

1: obvious, since S; =0 — 1, and 1 > 0.
1-n

For the first part the value of x;, = €x5,_1.

By induction hypothesis x;,,—1 is increasing along S, -1,
hence, also x,.

Going from (0,...,0,1,0) to (0,...,0,1,1) increases x, for
small enough €.

For the remaining path S, we have x,, = 1 — €xy 1.

Klee Minty Cube

3
(1,€1 ~:ez)

(L€ ¢)

max Xp
s.t. O0<x1 =<1
EX1 <= Xx2 <1-€x1
€EX? <x3<1—-€x2
(0,0,1)

1
(1,1 - €1 - €+ €?)

0,1,1 -¢)

0,1, ¢€)




Analysis Klee Minty Cube

Lemma 45
The objective value x,, is increasing along path S, .

max X

s.t. O0<x1 =<1
. . €EX]1 < X2 <1-€x
Proof by induction: ! 2 !
€EX? <x3<1—-€x2
n = 1: obvious, since S =0—-1,and 1 > 0.
n-1-n (0,0,1)

» For the first part the value of x,;, = €x5,,1. OL1-0

-
(1,€1 —:ez)

» By induction hypothesis x;,—; is increasing along S, -1,
hence, also x,.

small enough €.

» Going from (0,...,0,1,0) to (0,...,0,1,1) increases x, for !

» For the remaining path S;%", we have x,, = 1 — €xy_1. Lo

» By induction hypothesis x;,,—; is increasing along Sy _1, L€ é) - s
.. . T == o ] (1,1-€€e-€)- -~
hence —ex;,_1 is increasing along S, . 1 -



Remarks about Simplex Analysis

Lemma 45
The objective value x,, is increasing along path S,,.

Proof by induction:
Observation
The simplex algorithm takes at most (::l) iterations. Each
iteration can be implemented in time O(mn). n-1-n

n = 1: obvious, since St =0 — 1,and 1 > 0.

L ) ) ) » For the first part the value of x;;, = €x;,1.
In practise it usually takes a linear number of iterations.
» By induction hypothesis x;,,_; is increasing along S, _1,

hence, also x,.
» Going from (0,...,0,1,0) to (0,...,0,1,1) increases x, for
small enough €.

» For the remaining path S;°", we have x,, = 1 — €xy_1.
» By induction hypothesis x;,,_; is increasing along S;,_1,

' hence —€x, 1 is increasing along S, .
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Remarks about Simplex

Theorem

For almost all known deterministic pivoting rules (rules for
choosing entering and leaving variables) there exist lower
bounds that require the algorithm to have exponential running
time (Q(29M)) (e.g. Klee Minty 1972).
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Remarks about Simplex

Observation

The simplex algorithm takes at most (;ﬁ) iterations. Each
iteration can be implemented in time O (mn).

In practise it usually takes a linear number of iterations.
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Remarks about Simplex Remarks about Simplex

Theorem
Theorem For al t all k deterministic pivoti les (rules f
For some standard randomized pivoting rules there exist Er a mos a .nowndelz erm|n|s 'c_ Ft))IIVO m: ru es.rules or
subexponential lower bounds (Q(22")) for « > 0) (Friedmann, choosing enterlng andleaving varia 5] dee el ower
. bounds that require the algorithm to have exponential running
Hansen, Zwick 2011).

time (Q(29M)) (e.g. Klee Minty 1972).
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Remarks about Simplex Remarks about Simplex

Conjecture (Hirsch 1957)
The edge-vertex graph of an m-facet polytope in d-dimensional

. . Theorem
Euclidean space has diameter no more than m — d. ) L .
For some standard randomized pivoting rules there exist
0 Q(n%) 0
The conjecture has been proven wrong in 2010. subexponential lower bounds (Q(2 ) for & > 0) (Friedmann,

Hansen, Zwick 2011).

But the question whether the diameter is perhaps of the form
O(poly(m,d)) is open.
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8 Seidels LP-algorithm

» Suppose we want to solve min{c’x | Ax = b;x = 0}, where
x € R4 and we have m constraints.
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8 Seidels LP-algorithm

» Suppose we want to solve min{c’x | Ax = b;x = 0}, where
x € R4 and we have m constraints.

> In the worst-case Simplex runs in time roughly
Omm+d) (m;ld)) ~ (m+ d)". (slightly better bounds on
the running time exist, but will not be discussed here).
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8 Seidels LP-algorithm

» Suppose we want to solve min{c’x | Ax = b;x = 0}, where
x € R4 and we have m constraints.

> In the worst-case Simplex runs in time roughly
Omm+d) (m;ld)) ~ (m+ d)". (slightly better bounds on
the running time exist, but will not be discussed here).

» If d is much smaller than m one can do a lot better.
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8 Seidels LP-algorithm

» Suppose we want to solve min{c’x | Ax = b;x = 0}, where
x € R4 and we have m constraints.

> In the worst-case Simplex runs in time roughly
Omm+d) (m;ld)) ~ (m+ d)". (slightly better bounds on
the running time exist, but will not be discussed here).

» If d is much smaller than m one can do a lot better.

> In the following we develop an algorithm with running time
O(d!-m), i.e., linear in m.
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Setting:

» We assume an LP of the form

min cTx
st. Ax = b
x = 0

» We assume that the LP is bounded.
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» Suppose we want to solve min{c’x | Ax > b;x = 0}, where
x € R4 and we have m constraints.

» In the worst-case Simplex runs in time roughly
Omim+d4a) (mntd>) ~ (m + d)". (slightly better bounds on
the running time exist, but will not be discussed here).

» If d is much smaller than m one can do a lot better.

» In the following we develop an algorithm with running time
O(d! - m), i.e., linear in m.
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Ensuring Conditions

Given a standard minimization LP

min cTx
st. Ax = b
x > 0

how can we obtain an LP of the required form?

» Compute a lower bound on cTx for any basic feasible
solution.
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Setting:

» We assume an LP of the form

min cTx
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» We assume that the LP is bounded.
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Computing a Lower Bound

Let s denote the smallest common multiple of all denominators
of entries in A, b.
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Given a standard minimization LP

min cTx
st. Ax = b
x = 0

how can we obtain an LP of the required form?
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solution.
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Computing a Lower Bound

Let s denote the smallest common multiple of all denominators
of entries in A, b.

Multiply entries in A, b by s to obtain integral entries. This does
not change the feasible region.
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Computing a Lower Bound

Let s denote the smallest common multiple of all denominators
of entries in A, b.

Multiply entries in A, b by s to obtain integral entries. This does
not change the feasible region.

Add slack variables to A; denote the resulting matrix with A.
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Computing a Lower Bound

Let s denote the smallest common multiple of all denominators
of entries in A, b.

Multiply entries in A, b by s to obtain integral entries. This does
not change the feasible region.

Add slack variables to A; denote the resulting matrix with A.

If B is an optimal basis then xp with Azxp = b, gives an optimal
assignment to the basis variables (non-basic variables are 0).
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Theorem 46 (Cramers Rule)
Let M be a matrix with det(M) + 0. Then the solution to the
system Mx = b is given by

o det(Mj)
XiZ Qet(M)

where M; is the matrix obtained from M by replacing the i-th
column by the vector b.
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Computing a Lower Bound

Let s denote the smallest common multiple of all denominators
of entries in A, b.

Multiply entries in A, b by s to obtain integral entries. This does
not change the feasible region.

Add slack variables to A; denote the resulting matrix with A.

If B is an optimal basis then xp with Azxp = b, gives an optimal
assignment to the basis variables (non-basic variables are 0).
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Proof:

Theorem 46 (Cramers Rule)

Let M be a matrix with det(M) + 0. Then the solution to the
system Mx = b is given by

det(Mj)

Xi= det(M)

where M; is the matrix obtained from M by replacing the i-th
column by the vector b.
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Proof:
» Define

| I |
X;= (e --ei1xei - en Theorem 46 (Cramers Rule)
| || | | Let M be a matrix with det(M) + 0. Then the solution to the
system Mx = b is given by

det(Mj)

Xi= det(M)

where M; is the matrix obtained from M by replacing the i-th
column by the vector b.
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Proof:

" Define I
X;=|er e xein - en Theorem 46 (Crf':lme.rs Rule) .
| | | | Let M be a matrix with det(M) = 0. Then the solution to the
Note that expanding along the i-th column gives that system Mx = b is given by
det(X;) = x;. det(Mj)
Xi=———
' det(M)
where M; is the matrix obtained from M by replacing the i-th
column by the vector b.
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Proof:
» Define
| |1 |
Xi=|e1---ei-1Xei+1---en
| |1 |

Note that expanding along the i-th column gives that
det(X;) = x;.

» Further, we have

| | | | |
MX; = (Mel -+~ Me;_1 Mx Mej,q - - - Men> =M;
| | | | |

Theorem 46 (Cramers Rule)
Let M be a matrix with det(M) + 0. Then the solution to the

system Mx = b is given by
det(Mj)

Xi= det(M)

where M; is the matrix obtained from M by replacing the i-th
column by the vector b.
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| I |
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| I |
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det(X;) = x;.

» Further, we have

| | | | |
MX; = (Mel -+~ Me;_1 Mx Mej,q - - - Men> =M;
| | | | |

det(M;)

det(M)

» Hence,
x; = det(X;) =
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Theorem 46 (Cramers Rule)
Let M be a matrix with det(M) + 0. Then the solution to the

system Mx = b is given by
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where M; is the matrix obtained from M by replacing the i-th
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Bounding the Determinant

Let Z be the maximum absolute entry occuring in A, b or c. Let
C denote the matrix obtained from A by replacing the j-th
column with vector b (for some j).

Observe that

|det(C)]
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Bounding the Determinant

Let Z be the maximum absolute entry occuring in A, b or c. Let
C denote the matrix obtained from A by replacing the j-th
column with vector b (for some j).

Observe that

|det(C)| > sgn(m) [] Cima

TESH 1<i<m

> IT ICnm

meSy 1<i<m
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Proof:

» Define

| |1 |
Xi=<el"'ei—1xei+1"'en>
| | |

Note that expanding along the i-th column gives that
det(X;) = x;.
» Further, we have

| I |
MX; = (Me1 -+ Me;_1 Mx Mej.q - - - Men) = M;
| I |
» Hence,
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Bounding the Determinant Bounding the Determinant

Let Z be the maximum absolute entry occuring in A, b or c. Let
C denote the matrix obtained from Ag by replacing the j-th
column with vector b (for some j).

Alternatively, Hadamards inequality gives
Observe that

|det(C)|
|det(C)|

> sgn(m) [] Cimg

TTESM l<i<m

> I1 IGnwl

TESH 1<i<m

IA

<m!-ZM .
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C denote the matrix obtained from Ag by replacing the j-th
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Bounding the Determinant

Alternatively, Hadamards inequality gives

i=1

det(C)| < [ [ ICxill < [[(vm2Z)
i=1

T
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Bounding the Determinant Bounding the Determinant

Let Z be the maximum absolute entry occuring in A, b or c. Let
C denote the matrix obtained from Ag by replacing the j-th
column with vector b (for some j).

Alternatively, Hadamards inequality gives
Observe that

|det(C)] < [ [ I1Cxill < [[(vmZ)
i=1 i=1 |det(C)| > sgn(m) [| Cin

<mmi2zm TESHK l<i<m
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Hadamards Inequality Bounding the Determinant

Alternatively, Hadamards inequality gives

m m
ldet(C)| < [ ICxill = [ [(VmZ)
i=1 i=1
<mm2zm .

Hadamards inequality says that the volume of the red

parallelepiped (Spat) is smaller than the volume in the black

cube (if [le1]l = llayll, lle2ll = llazll, llesll = llazl]).
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Ensuring Conditions Hadamards Inequality

Given a standard minimization LP

min cTx
st. Ax = b
x = 0

how can we obtain an LP of the required form?

» Compute a lower bound on c¢Tx for any basic feasible
solution. Add the constraint c’x = —-mZ(m!- Z™) — 1.

Note that this constraint is superfluous unless the LP is
unbounded.

Hadamards inequality says that the volume of the red
parallelepiped (Spat) is smaller than the volume in the black
cube (if [[e1ll = llarll, lle2ll = llazll, llezll = llazlD).
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Ensuring Conditions

Compute an optimum basis for the new LP.

» If the costis cTx = —(mZ)(m!- Z™) — 1 we know that the
original LP is unbounded.

» Otw. we have an optimum basis.
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Ensuring Conditions

Given a standard minimization LP

min cTx
st. Ax = b
x = 0

how can we obtain an LP of the required form?

» Compute a lower bound on cTx for any basic feasible
solution. Add the constraint c’x > —-mZ(m! - Z™) — 1.
Note that this constraint is superfluous unless the LP is
unbounded.
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Ensuring Conditions

Compute an optimum basis for the new LP.

» If the costis cTx = —(mZ)(m!- Z™) — 1 we know that the
original LP is unbounded.

» Otw. we have an optimum basis.
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In the following we use # to denote the set of all constraints
apart from the constraint c’x > —-mZ(m! - Z™) — 1.
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Ensuring Conditions

In the following we use # to denote the set of all constraints
apart from the constraint c’x > —-mZ(m! - Z™) — 1.

We give a routine SeidelLP(7{, d) that is given a set  of Compute an optimum basis for the new LP.
explicit, non-degenerate constraints over d variables, and » If the costis cTx = —(mZ)(m!- Z™) — 1 we know that the
minimizes ¢’ x over all feasible points. original LP is unbounded.

» Otw. we have an optimum basis.
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Ensuring Conditions

In the following we use # to denote the set of all constraints
apart from the constraint c’x > —-mZ(m! - Z™) — 1.

We give a routine SeidelLP(7{, d) that is given a set  of Compute an optimum basis for the new LP.

explicit, non-degenerate constraints over d variables, and » If the costis cTx = —(mZ)(m!- Z™) — 1 we know that the
minimizes ¢’ x over all feasible points. original LP is unbounded.

» Otw. we have an optimum basis.
In addition it obeys the implicit constraint

cTx>—-(m2z2)(m!-zm) - 1.
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Algorithm 1 SeidelLP(H,d)

1: if d = 1 then solve 1-dimensional problem and return;

In the following we use # to denote the set of all constraints
apart from the constraint c’x = —mZ(m! - Z™) — 1.

We give a routine SeidelLP(7{, d) that is given a set F{ of
explicit, non-degenerate constraints over d variables, and
minimizes ¢’ x over all feasible points.

In addition it obeys the implicit constraint
cT'x = -(mz)(m!-z2™M) - 1.
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Algorithm 1 SeidelLP(H,d)
1: if d = 1 then solve 1-dimensional problem and return;
2. if 4 = 0 then return x on implicit constraint hyperplane
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Algorithm 1 SeidelLP(H,d)

1: if d = 1 then solve 1-dimensional problem and return;

2. if 4 = 0 then return x on implicit constraint hyperplane
3: choose random constraint h € H
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Algorithm 1 SeidelLP(H,d)

1: if d = 1 then solve 1-dimensional problem and return;
2. if 4 = 0 then return x on implicit constraint hyperplane
3: choose random constraint h € H

4 H — H\ {h}
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Algorithm 1 SeidelLP(H,d)

1: if d = 1 then solve 1-dimensional problem and return;

2. if 4 = 0 then return x on implicit constraint hyperplane
3:
4
5

choose random constraint h € H

- H — H\ {h}
. ®* — SeidelLP(#{,d)

In the following we use # to denote the set of all constraints
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We give a routine SeidelLP(7{, d) that is given a set F{ of
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Algorithm 1 SeidelLP(H,d)

: if d = 1 then solve 1-dimensional problem and return;
if 7{ = () then return x on implicit constraint hyperplane
choose random constraint h € H
H — H\ {h}
X* < SeidellLP(#,d)
if X* = infeasible then return infeasible

o v W =

In the following we use # to denote the set of all constraints
apart from the constraint c’x = —mZ(m! - Z™) — 1.

We give a routine SeidelLP(7{, d) that is given a set F{ of
explicit, non-degenerate constraints over d variables, and
minimizes ¢’ x over all feasible points.
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Algorithm 1 SeidelLP(H,d)

: if d = 1 then solve 1-dimensional problem and return;
if 7{ = () then return x on implicit constraint hyperplane
choose random constraint h € H
H — H\ {h}
X* < SeidellLP(#,d)
if X* = infeasible then return infeasible
if X* fulfills h then return £*

\IOWU'IJSUUN—

In the following we use # to denote the set of all constraints
apart from the constraint c’x = —mZ(m! - Z™) — 1.

We give a routine SeidelLP(7{, d) that is given a set F{ of
explicit, non-degenerate constraints over d variables, and
minimizes ¢’ x over all feasible points.

In addition it obeys the implicit constraint
cT'x = -(mz)(m!-z2™M) - 1.
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Algorithm 1 SeidelLP(H,d)

: if d = 1 then solve 1-dimensional problem and return;

if 7{ = () then return x on implicit constraint hyperplane
choose random constraint h € H

H — H\ {h}

X* < SeidellLP(#,d)

if X* = infeasible then return infeasible

if X* fulfills h then return £*

// optimal solution fulfills h with equality, i.e., aﬁx = by,

NP2 R T

In the following we use # to denote the set of all constraints
apart from the constraint c’x = —mZ(m! - Z™) — 1.
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Algorithm 1 SeidelLP(H,d)

: if d = 1 then solve 1-dimensional problem and return;
if 7{ = () then return x on implicit constraint hyperplane
choose random constraint h € H
H — H\ {h}
* — SeidelLP(H,d)
if X* = infeasible then return infeasible
if X* fulfills h then return £*
// optimal solution fulfills h with equality, i.e., aﬁx = by,
solve agx = by, for some variable xy;

SPIILINI

—_

eliminate xp in constraints from H and in implicit constr.;

In the following we use # to denote the set of all constraints
apart from the constraint c’x = —mZ(m! - Z™) — 1.

We give a routine SeidelLP(7{, d) that is given a set F{ of
explicit, non-degenerate constraints over d variables, and
minimizes ¢’ x over all feasible points.
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cT'x = -(mz)(m!-z2™M) - 1.

EADS Il 8 Seidels LP-algorithm
Harald Racke 159



Algorithm 1 SeidelLP(H,d)

: if d = 1 then solve 1-dimensional problem and return;
if 7{ = () then return x on implicit constraint hyperplane
choose random constraint h € H
H — H\ {h}
X* < SeidellLP(#,d)
if X* = infeasible then return infeasible
if X* fulfills h then return £*
// optimal solution fulfills h with equality, i.e., aﬁx = by,
solve agx = by, for some variable xy;

#9.“??95‘9?.”.‘:’-‘:.“.’!\.’.—‘

—_ -

X* — SeidelLP(H,d — 1)

eliminate xp in constraints from H and in implicit constr.;

In the following we use # to denote the set of all constraints
apart from the constraint c’x = —mZ(m! - Z™) — 1.

We give a routine SeidelLP(7{, d) that is given a set F{ of
explicit, non-degenerate constraints over d variables, and
minimizes ¢’ x over all feasible points.

In addition it obeys the implicit constraint
cT'x = -(mz)(m!-z2™M) - 1.
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Algorithm 1 SeidelLP(H,d)

—_ -

T —
Now N

S P PRINRITLINIT

: if d = 1 then solve 1-dimensional problem and return;
if 7{ = () then return x on implicit constraint hyperplane
choose random constraint h € H
H — H\ {h}
* — SeidelLP(H,d)
if X* = infeasible then return infeasible
if X* fulfills h then return £*
// optimal solution fulfills h with equality, i.e., aﬁx = by,
solve agx = by, for some variable xy;

eliminate xp in constraints from H and in implicit constr.;

* — SeidelLP(H,d — 1)
if X* = infeasible then
return infeasible

. else
15:

add the value of xp to X* and return the solution

In the following we use # to denote the set of all constraints
apart from the constraint c’x = —mZ(m! - Z™) — 1.

We give a routine SeidelLP(7{, d) that is given a set F{ of
explicit, non-degenerate constraints over d variables, and
minimizes ¢’ x over all feasible points.

In addition it obeys the implicit constraint
cT'x = -(mz)(m!-z2™M) - 1.
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» If d =1 we can solve the 1-dimensional problem in time
O(max{m,1}).
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Algorithm 1 SeidellLP(,d)

A W N = O O

OO\IO\U‘I-PUUN—'

: if d = 1 then solve 1-dimensional problem and return;

if /{ = @ then return x on implicit constraint hyperplane

choose random constraint h € H

H — 3\ {h}

X* < SeidellLP(#,d)

if X* = infeasible then return infeasible

if x* fulfills h then return £*

// optimal solution fulfills h with equality, i.e., a;Tlx = by,

solve a%x = by, for some variable xy;

eliminate xy in constraints from H and in implicit constr.;
* — SeidellLP(H ,d — 1)

. if X* = infeasible then

return infeasible

. else
15:

add the value of xp to X* and return the solution
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» The first recursive call takes time T(m — 1,d) for the call
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4 H — H\ {h}
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: // optimal solution fulfills h with equality, i.e., a;Tlx = by,
9:
10:
11:
12:
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14:
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add the value of xp to X* and return the solution




8 Seidels LP-algorithm

» If d =1 we can solve the 1-dimensional problem in time
O(max{m,1}).

» If d > 1 and m = 0 we take time O@(d) to return
d-dimensional vector x.

» The first recursive call takes time T(m — 1,d) for the call
plus O(d) for checking whether the solution fulfills h.

» If we are unlucky and Xx* does not fulfill 1 we need time
O(d(m+1)) = O(dm) to eliminate xy. Then we make a
recursive call that takes time T'(m — 1,d — 1).
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If d = 1 we can solve the 1-dimensional problem in time
O(max{m,1}).

If d > 1 and m = 0 we take time O(d) to return
d-dimensional vector x.

The first recursive call takes time T(m — 1,d) for the call
plus O(d) for checking whether the solution fulfills h.

If we are unlucky and x* does not fulfill 1 we need time
O(d(m+1)) = O(dm) to eliminate xy. Then we make a
recursive call that takes time T'(m — 1,d — 1).

The probability of being unlucky is at most d/m as there
are at most d constraints whose removal will decrease the
objective function
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: if d = 1 then solve 1-dimensional problem and return;

if /{ = @ then return x on implicit constraint hyperplane

choose random constraint h € H

H — 3\ {h}

X* < SeidellLP(#,d)

if X* = infeasible then return infeasible

if x* fulfills h then return £*

// optimal solution fulfills h with equality, i.e., a;Tlx = by,

solve a%x = by, for some variable xy;

eliminate xy in constraints from H and in implicit constr.;
* — SeidellLP(H ,d — 1)

. if X* = infeasible then

return infeasible

. else
15:

add the value of xp to X* and return the solution




8 Seidels LP-algorithm 8 Seidels LP-algorithm

» If d =1 we can solve the 1-dimensional problem in time
O(max{m,1}).

This gives the recurrence » If d > 1 and m = 0 we take time O(d) to return
d-dimensional vector x.

O(max{l,m}) ifd=1

O(d) ifd>1and m =0 » The first recursive call takes time T (m — 1,d) for the call
Tmd) =1 o)+ T(m-1,d)+ plus O(d) for checking whether the solution fulfills /.

%(O(dM) +T(m-1,d-1)) otw. » If we are unlucky and X* does not fulfill h we need time

O(d(m+1)) = O(dm) to eliminate xy. Then we make a

Note that T'(m, d) denotes the expected running time. : -
recursive call that takes time T(m — 1,d — 1).

» The probability of being unlucky is at most d/m as there
are at most d constraints whose removal will decrease the
objective function
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Let C be the largest constant in the O-notations.

Cmax{l,m} ifd=1

cd ifd>1land m =0

Tmd) =1 casTm-1,d)+

%(Cder Tim-1,d-1)) otw.

Note that T (m, d) denotes the expected running time.
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Let C be the largest constant in the @-notations.

We show T(m,d) < Cf(d) max{1l,m}.

d=1: Let C be the largest constant in the O-notations.
T(m,1) < Cmax{l,m} <Cf(1)max{l,m} for f(1) =1
Cmax{l, m} ifd=1
Cd ifd>1landm =0

d>1m=0: G0 = Cd+T(m-1,d)+
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T0,d) <0O(d)
Note that T (m, d) denotes the expected running time.
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We show T(m,d) < Cf(d) max{1l,m}.
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T(m,1) < Cmax{l,m} <Cf(1)max{l,m} for f(1) =1
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We show T(m,d) < Cf(d) max{1l,m}.

d=1: Let C be the largest constant in the O-notations.
T(m,1) < Cmax{l,m} <Cf(1)max{l,m} for f(1) =1
Cmax{l, m} ifd=1
Tom. d) = cd ifd>1andm =0
d>1m=0: ({oE) = Cd+T(m-1,d)+

%(Cdm+T(m—l,d—1)) otw.
T(0,d) <0(d) <Cd=<Cf(d)ymax{l,m} for f(d) = d

Note that T (m, d) denotes the expected running time.

d>1m-=1:
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Let C be the largest constant in the @-notations.

We show T(m,d) < Cf(d) max{1l,m}.
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Note that T (m, d) denotes the expected running time.
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Let C be the largest constant in the @-notations.

We show T(m,d) < Cf(d) max{1l,m}.

d=1: Let C be the largest constant in the O-notations.
T(m,1) < Cmax{l,m} <Cf(1)max{l,m} for f(1) =1
Cmax{l, m} ifd=1
Tom. d) = cd ifd>1andm =0
d>1m=0: ({oE) = Cd+T(m-1,d)+

%(Cdm+T(m—l,d—1)) otw.
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Note that T (m, d) denotes the expected running time.
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T(1,d) = 0(d) + T(0,d) + d(O(d) + T(0,d - 1))
<Cd+Cd+Cd*>+dCf(d-1)
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d>1m>1:
(by induction hypothesis statm. true for d’ <d,m’ > 0;
and ford =d, m’ <m)
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Let C be the largest constant in the O-notations.

Cmax{l, m} ifd=1

cd ifd>1and m =20
Cd+T(m-1,d)+

d(Cdm+T(m-1,d-1)) otw.

T(m,d) =

Note that T (m, d) denotes the expected running time.
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d>1m>1:
(by induction hypothesis statm. true for d’ <d,m’ > 0;

and ford =d, m’ <m) Let C be the largest constant in the O-notations.
d
T(m,d)=(‘)(d)+T(m—1,d)+%((9(dm)+T(m—1,d—1)) Cmax{1,m} ifd=1
d Cd ifd>1and m =20
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> Define f(1) =3-1%and f(d) =df(d —1) + 3d® ford > 1. d>1m>1:

(by induction hypothesis statm. true for d’ < d, m’ > 0;
and ford’ = d, m’ <m)

T(m,d) = O(d) + T(m - 1,d) + %(O(dm) +T(m—-1,d-1))
<Cd+Cf(d)(m-1)+Cd* + %Cf(d— 1)(m—1)
<2Cd*+Cf(d)y(m—1)+dCf(d—1)
<Cf(d)ym

if f(d)=df(d-1)+2d>.
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<2CA°+Cf(d)(m—-1)+dCf(d-1)
<Cf(d)ym
if f(d) >df(d-1)+2d2.
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Complexity

LP Feasibility Problem (LP feasibility)
Given A € 7Z"™*"_ b € 7™. Does there exist x € R with Ax = b,
x =07
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The Bit Model

Input size

» The number of bits to represent a number a € Z is

[log,(lal)1+1
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The Bit Model

Input size
» The number of bits to represent a number a € Z is

» In the following we sometimes refer to L := (A) + (b) as the

input size (even though the real input size is something in

0((A) + (b))).

» In order to show that LP-decision is in NP we show that if
there is a solution x then there exists a small solution for
which feasibility can be verified in polynomial time

(polynomial in L).
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Suppose that Ax = b; x > 0 is feasible.
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» In the following we sometimes refer to L := (A) + (b) as the
input size (even though the real input size is something in
O((A) + (b))).

» In order to show that LP-decision is in NP we show that if
there is a solution x then there exists a small solution for
which feasibility can be verified in polynomial time
(polynomial in L).
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Suppose that Ax = b; x > 0 is feasible. » In the following we sometimes refer to L := (A) + (b) as the

input size (even though the real input size is something in
Then there exists a basic feasible solution. This means a set B of O((A) + (b))).

i iabl h th
basic variables such that » |n order to show that LP-decision is in NP we show that if

there is a solution x then there exists a small solution for
which feasibility can be verified in polynomial time

and all other entries in x are 0. (polynomial in L).

Xp = Aglb
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Size of a Basic Feasible Solution

Lemma 47

Let M € 7™*™ be an invertible matrix and let b € 7. Further Suppose that Ax = b; x = 0 is feasible.

define L = (M) + (b) + nlog, n. Then a solution to Mx = b has

. D; . . . . .
rational components x; of the form -, where |D;| < 2L and Then there exists a basic feasible solution. This means a set B of
|ID| < 2L, basic variables such that
_ a=l
and all other entries in x are 0.
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Size of a Basic Feasible Solution

Lemma 47

Let M € 7™*™ be an invertible matrix and let b € 7. Further Suppose that Ax = b; x > 0 is feasible.

define L = (M) + (b) + nlog, n. Then a solution to Mx = b has

rational components x j of the form %, where |D ;| < 2L and Then there exists a basic feasible solution. This means a set B of
|ID| < 2L. basic variables such that

Proof: xp = Ag'b

Cramers rules says that we can compute x; as L
and all other entries in x are O.

det(M;)

Xi T det(M)

where M; is the matrix obtained from M by replacing the j-th
column by the vector b.
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Bounding the Determinant Size of a Basic Feasible Solution

Lemma 47
Let X = Ag. Then Let M € 7m*™ be an invertible matrix and let b € 7. Further
define L = (M) + (b) + nlog, n. Then a solution to Mx = b has

. D .
det(X))| rational components x; of the form -, where |D;| < 2L and
e

|ID| < 2L.
Proof:
Cramers rules says that we can compute x; as
det(M;)
xi=
7 det(M)
where M; is the matrix obtained from M by replacing the j-th
column by the vector b.
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Bounding the Determinant Size of a Basic Feasible Solution

Lemma 47
Let X = Ag. Then Let M € 7m*™ be an invertible matrix and let b € 7. Further
define L = (M) + (b) + nlog, n. Then a solution to Mx = b has
rational components x j of the form %, where |D;| < 2L and

ldet(X)| = | > sgn(m) [] Xim) L
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TESH l<i<n
< > ] 1 Ximail Proof:
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1. 2WEb) oL Cramers rules says that we can compute x; as
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Analogously for det(M;). X7 = "det(M)
where M; is the matrix obtained from M by replacing the j-th
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Reducing LP-solving to LP decision.

Bounding the Determinant

Let X = Ag. Then

|det(X)| > sgn(m) [] X

TESKH 1<i<n

> T1 Xinw!

TESH 1<i<n

<nl.2A4+b) L oL

IA

Analogously for det(M;).
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(Add constraint c’x — &8 = M; 6§ = 0 or (c'x = M). Then checking
for feasibility shows whether optimum solution is larger or
smaller than M).

Bounding the Determinant

Let X = Ag. Then

|det(X)| > sgn(m) [] X

TESH 1<i<n

> ] Xinw!

TESH 1<i<n

<nl.2A4+b) L oL

IA

Analogously for det(M;).

EADS Il 9 The Ellipsoid Algorithm
Harald Racke

172



Reducing LP-solving to LP decision.

Given an LP max{c’x | Ax = b;x = 0} do a binary search for the
optimum solution

(Add constraint c’x — &8 = M; 6§ = 0 or (c'x = M). Then checking
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as the range of the search is at most —n22L" ... 122" and the
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Here we use L" = (A) + (b) + (c) + nlog, n (it also includes the
encoding size of ¢).
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How do we detect whether the LP is unbounded?

T
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Reducing LP-solving to LP decision.

Given an LP max{cTx | Ax = b;x >0} do a for the
optimum solution

(Add constraint c’x — &8 = M; 6 = 0 or (c'x = M). Then checking
for feasibility shows whether optimum solution is larger or
smaller than M).

If the LP is feasible then the binary search finishes in at most

2n22l ,
1og2(—1/2L, )=<9<L) ,

as the range of the search is at most —n22L" ..., n22L" and the
distance between two adjacent values is at least m > 2%
Here we use L" = (A) + (b) + (c) + nlog, n (it also includes the
encoding size of ¢).



Reducing LP-solving to LP decision.

Given an LP max{cTx | Ax = b;x >0} do a for the
optimum solution

How do we detect whether the LP is unbounded? (Add constraint ¢”x — 6 = M; § = 0 or (cTx > M). Then checking
Let Mmax = n22L" be an upper bound on the objective value of a for feasibility shows whether optimum solution is larger or
basic feasible solution. smaller than M).

If the LP is feasible then the binary search finishes in at most

2n22l ,
1og2(—1/2L, )=<9<L) ,

as the range of the search is at most —n22L" ..., n22L" and the
distance between two adjacent values is at least m > 2%
Here we use L" = (A) + (b) + (c) + nlog, n (it also includes the
encoding size of ¢).
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How do we detect whether the LP is unbounded?

Let Mpax = 12%L" be an upper bound on the objective value of a
basic feasible solution.

We can add a constraint ¢/ x > M + 1 and check for feasibility.
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Ellipsoid Method

How do we detect whether the LP is unbounded?

Let Mpax = 12%L" be an upper bound on the objective value of a
basic feasible solution.

We can add a constraint ¢/ x > Myax + 1 and check for feasibility.

‘m EADS Il 9 The Ellipsoid Algorithm EADS Il 9 The Ellipsoid Algorithm
Harald Racke 175/569 Harald Racke 174



Ellipsoid Method

> Let K be a convex set.

How do we detect whether the LP is unbounded?

Let Mpax = 12%L" be an upper bound on the objective value of a
basic feasible solution.

We can add a constraint ¢/ x > Myax + 1 and check for feasibility.
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> Let K be a convex set.

> Maintain ellipsoid E that is guaranteed to
contain K provided that K is non-empty.
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Ellipsoid Method

> Let K be a convex set.
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contain K provided that K is non-empty.

H whether the LP is un n ?
> If center z & K STOP. ow do we detect ether the s unbounded
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» Maintain ellipsoid E that is guaranteed to
contain K provided that K is non-empty.

i ?
> If center z & K STOP. How do we detect whether the LP is unbounded?

Let Mpax = 12%L" be an upper bound on the objective value of a

» Otw. find a hyperplane separating e Pl e
asic feasible solution.

K from z (e.g. a violated
constraint in the LP).

) _ We can add a constraint ¢ x > M + 1 and check for feasibility.
» Shift hyperplane to contain

node z. H denotes half-
space that contains K.
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Ellipsoid Method

> Let K be a convex set.

> Maintain ellipsoid E that is guaranteed to
contain K provided that K is non-empty.

i ?
> If center z & K STOP. How do we detect whether the LP is unbounded?

Let Mpax = 12%L" be an upper bound on the objective value of a
basic feasible solution.

» Otw. find a hyperplane separating
K from z (e.g. a violated
constraint in the LP).

) _ We can add a constraint ¢ x > M + 1 and check for feasibility.
» Shift hyperplane to contain

node z. H denotes half-
space that contains K.
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Ellipsoid Method

> Let K be a convex set.

» Maintain ellipsoid E that is guaranteed to
contain K provided that K is non-empty.

i ?
> If center z & K STOP. How do we detect whether the LP is unbounded?

Let Mpax = 12%L" be an upper bound on the objective value of a

» Otw. find a hyperplane separating e Pl e
asic feasible solution.

K from z (e.g. a violated
constraint in the LP).

) _ We can add a constraint ¢ x > M + 1 and check for feasibility.
» Shift hyperplane to contain

node z. H denotes half-
space that contains K.

» Compute (smallest)
ellipsoid E’ that
contains E N H.
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Ellipsoid Method

> Let K be a convex set.

» Maintain ellipsoid E that is guaranteed to
contain K provided that K is non-empty.

i ?
> If center z & K STOP. How do we detect whether the LP is unbounded?

Let Mpax = 12%L" be an upper bound on the objective value of a

» Otw. find a hyperplane separating e Pl e
asic feasible solution.

K from z (e.g. a violated

constraint in the LP).

) _ We can add a constraint ¢ x > M + 1 and check for feasibility.
» Shift hyperplane to contain

node z. H denotes half- 7
space that contains K.

» Compute (smallest)
ellipsoid E’ that
contains E N H.
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Ellipsoid Method

> Let K be a convex set.

» Maintain ellipsoid E that is guaranteed to
contain K provided that K is non-empty.

i ?
> If center z & K STOP. How do we detect whether the LP is unbounded?

Let Mpax = 12%L" be an upper bound on the objective value of a

» Otw. find a hyperplane separating e Pl e
asic feasible solution.

K from z (e.g. a violated

constraint in the LP).

) _ We can add a constraint ¢ x > M + 1 and check for feasibility.
» Shift hyperplane to contain

node z. H denotes half- 7
space that contains K.

» Compute (smallest)
ellipsoid E’ that
contains E N H.

» REPEAT
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Ellipsoid Method
» Let K be a convex set.
» Maintain ellipsoid E that is guaranteed to

Issues/Questions: contain K provided that K is non-empty.

» How do you choose the first Ellipsoid? What is its volume? > If center z € K STOP.
» How do you measure progress? By how much does the » Otw. find a hyperplane separating
volume decrease in each iteration? K from z (e.g. a violated

. - constraint in the LP).
» When can you stop? What is the minimum volume of a )

non-empty polytop? » Shift hyperplane to contain
node z. H denotes half-

space that contains K.

» Compute (smallest)
ellipsoid E’ that
contains E N H.

» REPEAT
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Definition 48
A mapping f : R" — R™ with f(x) = Lx + t, where L is an
invertible matrix is called an affine transformation.

T
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Issues/Questions:
» How do you choose the first Ellipsoid? What is its volume?
» How do you measure progress? By how much does the
volume decrease in each iteration?
» When can you stop? What is the minimum volume of a
non-empty polytop?
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Definition 49

A ball in R™ with center ¢ and radius 7 is given by
Definition 48

Ble,r) = {x| (x—o)T(x -¢c) <7r?} A mapping f : R"™ — R™ with f(x) = Lx + t, where L is an
= (x| Z(X — 02/ <1} invertible matrix is called an affine transformation.
: <
i

B(0,1) is called the unit ball.
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Definition 50
An affine transformation of the unit ball is called an ellipsoid.
Definition 49
A ball in R" with center ¢ and radius 7 is given by

B(c,7v)={x|(x-c)T(x-c) <7?}

={x|D(x-0)2/r*=<1}

B(0,1) is called the unit ball.
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Definition 50
An affine transformation of the unit ball is called an ellipsoid.
Definition 49
From f(x) = Lx + ¢ follows x = L~ (f(x) — 1). A ball in R™ with center ¢ and radius 7 is given by

B(c,7v)={x|(x-c)T(x-c) <7?}

={x|D(x-0)2/r*=<1}

B(0,1) is called the unit ball.
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Definition 50
An affine transformation of the unit ball is called an ellipsoid.
Definition 49
From f(x) = Lx + ¢ follows x = L~ (f(x) — 1). A ball in R™ with center ¢ and radius 7 is given by

B(c,7v)={x|(x-c)T(x-c) <7?}

S(B(0,1))
27,2
={x|D(x-0)2/r*=<1}
i
B(0,1) is called the unit ball.
.
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Definition 50
An affine transformation of the unit ball is called an ellipsoid.
Definition 49
From f(x) = Lx + ¢ follows x = L~ (f(x) — 1). A ball in R™ with center ¢ and radius 7 is given by

B(c,7v)={x|(x-c)T(x-c) <7?}

B(0,1)) = B(0,1

B(0,1) is called the unit ball.
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Definition 50
An affine transformation of the unit ball is called an ellipsoid.

From f(x) = Lx + t follows x = L1 (f(x) — t).

f(B(0,1)) = {f(x) | x € B(0,1)}
={yeR"| L Ny -t)€B(0,1)}
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Definition 49
A ball in R" with center ¢ and radius 7 is given by

B(c,7v)={x|(x-c)T(x-c) <7?}

={x|D(x-0)2/r*=<1}

B(0,1) is called the unit ball.

EADS Il 9 The Ellipsoid Algorithm
Harald Racke

178



Definition 50
An affine transformation of the unit ball is called an ellipsoid.

From f(x) = Lx + t follows x = L1 (f(x) — t).
f(B(0,1)) = {f(x) | x € B(0,1)}

={yeR"| L Ny -t)€B(0,1)}
—{yeR" | (y-0TL VL Yy 1) <1}
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A ball in R" with center ¢ and radius 7 is given by
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Definition 50
An affine transformation of the unit ball is called an ellipsoid.

From f(x) = Lx + t follows x = L1 (f(x) — t).

f(B(0,1)) = {f(x) | x € B(0,1)}
={yeR"| L Ny -t)€B(0,1)}

—{yeR" | (y-0TL VL Yy 1) <1}
={yeR"|(y-tHlQl(y-t)<1}
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Definition 50
An affine transformation of the unit ball is called an ellipsoid.

From f(x) = Lx + t follows x = L1 (f(x) — t).

f(B(0,1)) = {f(x) | x € B(0,1)}
={yeR"| L Ny -t)€B(0,1)}

—{yeR" | (y-0TL VL Yy 1) <1}
={yeR"|(y-tHlQl(y-t)<1}

where Q = LLT is an invertible matrix.
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Definition 49
A ball in R" with center ¢ and radius 7 is given by

B(c,7v)={x|(x-c)T(x-c) <7?}

={x|D(x-0)2/r*=<1}

B(0,1) is called the unit ball.
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How to Compute the New Ellipsoid

Definition 50
An affine transformation of the unit ball is called an ellipsoid.

From f(x) = Lx + t follows x = L71(f(x) — t).

f(B(0,1)) = {f(x) | x € B(0,1)}
={y eR"| LYy -t) € B(0,1)}

—{yeR"|(y-0TL VL Yy -1) <1}
={yeR'|(y-HlQot(y-t) <1}

where Q = LLT is an invertible matrix.
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How to Compute the New Ellipsoid

» Use f! (recall that f = Lx + t is the affine transformation Definition 50
of Fh:) lflnit ball) to rotate/distort the ellipsoid (back) into the An affine transformation of the unit ball is called an ellipsoid.
unit ball.
From f(x) = Lx + t follows x = L71(f(x) — t).
f(B(0,1)) = {f(x) | x € B(0,1)}
= {y eR" | L' (y —t) € B(0,1)}
=y eR" | (y - VL (y-t) <1}
={yeR" | (y-'Q ' (y-t) <1}
where Q = LLT is an invertible matrix.
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How to Compute the New Ellipsoid

» Use f~! (recall that f = Lx + t is the affine transformation Definition 50
of the unit ball) to rotate/distort the ellipsoid (back) into the An affine transformation of the unit ball is called an ellipsoid.
unit ball.

» Use a rotation R~! to rotate the unit ball such that the From f(x) = Lx +t follows x = L71(f(x) — t).

normal vector of the halfspace is parallel to e;.
S(B(0,1)) = {f(x) | x €B(0,1)}
= {y eR" |L7!(y —t) € B(0,1)}
—{yeR" | (y-0)TL VL (y-1)<1)
- - {yer"|(y-Q ' (y-t) =1}

where Q = LLT is an invertible matrix.
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How to Compute the New Ellipsoid

» Use f~! (recall that f = Lx + t is the affine transformation Definition 50
of the unit ball) to rotate/distort the ellipsoid (back) into the An affine transformation of the unit ball is called an ellipsoid.
unit ball.

» Use a rotation R~! to rotate the unit ball such that the From f(x) = Lx +t follows x = L71(f(x) — t).

normal vector of the halfspace is parallel to e;.

» Compute the new center ¢’ and : F(B(0,1)) = {f(x) | x € B(0,1)}
the new matrix Q' for this ’ (y € RM | L1 ' S
=0 y - ,

simplified setting.
—{yeR" | (y-)TL VL Ny —1t) <1)
- ={yeR" | (y-tTQ  y-t) <1}

where Q = LLT is an invertible matrix.
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How to Compute the New Ellipsoid

» Use f~! (recall that f = Lx + t is the affine transformation Definition 50
of the unit ball) to rotate/distort the ellipsoid (back) into the An affine transformation of the unit ball is called an ellipsoid.
unit ball.
» Use a rotation R~! to rotate the unit ball such that the From f(x) = Lx +t follows x = L71(f(x) — t).
normal vector of the halfspace is parallel to e;.
» Compute the new center ¢’ and \ B(0.1)) = x) | x € B(0.1
the new matrix Q' for this SBO, 1) = {f(x) |n 71( 1}
simplified setting. ={yeR" L7 (y -t) €B(0,1)}
1T, _
» Use the transformations ={yeR"|(y- L1 1(y —t) <1}
R and f to get the = {y eR"| (y—t)TQfl(y—t)sl}

new center ¢’ and
the new matrix Q'
for the original
ellipsoid E.

where Q = LLT is an invertible matrix.

A}
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How to Compute the New Ellipsoid

» Use f~! (recall that f = Lx + t is the affine transformation Definition 50
of the unit ball) to rotate/distort the ellipsoid (back) into the An affine transformation of the unit ball is called an ellipsoid.
unit ball.

» Use a rotation R~! to rotate the unit ball such that the From f(x) = Lx +t follows x = L71(f(x) — t).

normal vector of the halfspace is parallel to e;.

» Compute the new center ¢’ and
the new matrix Q' for this
simplified setting. s

Sf(B(0,1)) = {f(x) | x €B(0,1)}
={y eR"|L Ny -t) €B(O,1)}
—{yeR"| (y-)TL L (y—t) <1}
={yeR" | (y-Hloty-t) <1}

» Use the transformations
R and f to get the
new center ¢’ and
the new matrix Q'
for the original
ellipsoid E.

where Q = LLT is an invertible matrix.
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The Easy Case How to Compute the New Ellipsoid

» Use f~! (recall that f = Lx + t is the affine transformation
of the unit ball) to rotate/distort the ellipsoid (back) into the
unit ball.

» Use a rotation R~! to rotate the unit ball such that the
normal vector of the halfspace is parallel to e;.

» Compute the new center ¢’ and
the new matrix Q' for this
simplified setting. TS

» Use the transformations
R and f to get the
new center ¢’ and
the new matrix Q'

» The new center lies on axis xi. Hence, ¢’ = te; fort > 0. for the original
ellipsoid E.
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The Easy Case

» The new center lies on axis x;. Hence, ¢’ = te; for t > 0.

» The vectors e, ez, ... have to fulfill the ellipsoid constraint
. . Al A=l Al
with equality. Hence (e; — ¢)TQ’ "(e; —¢') = 1.

m EADS Il 9 The Ellipsoid Algorithm
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How to Compute the New Ellipsoid

» Use f~! (recall that f = Lx + t is the affine transformation
of the unit ball) to rotate/distort the ellipsoid (back) into the
unit ball.

» Use a rotation R~! to rotate the unit ball such that the
normal vector of the halfspace is parallel to e;.

» Compute the new center ¢’ and
the new matrix Q' for this
simplified setting. TS

» Use the transformations
R and f to get the
new center ¢’ and
the new matrix Q'
for the original
ellipsoid E.
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The Easy Case

. oAl L n, -,
» To obtain the matrix Q" ~ for our ellipsoid E’ note that E’ is
axis-parallel.
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The Easy Case

» The new center lies on axis x;. Hence, ¢’ = te; fort > 0.

» The vectors e, e,... have to fulfill the ellipsoid constraint
. . A7 A= A7
with equality. Hence (e; — ¢ )TQ’" (e; —¢') = 1.
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The Easy Case

. oA, i -,
» To obtain the matrix Q" ~ for our ellipsoid E’ note that E’ is
axis-parallel.

» Let a denote the radius along the x-axis and let b denote
the (common) radius for the other axes.
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The Easy Case

» The new center lies on axis x;. Hence, ¢’ = te; fort > 0.

» The vectors e, e,... have to fulfill the ellipsoid constraint

with equality. Hence (e; — C”)TQ'_I(ei -¢')=1.
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The Easy Case The Easy Case

. oA, i -,
» To obtain the matrix Q" ~ for our ellipsoid E’ note that E’ is
axis-parallel.

» Let a denote the radius along the x-axis and let b denote
the (common) radius for the other axes.

» The matrix

a 0 -
N b
i ©

: . . 0

0O ... 0 b

maps the unit ball (via function f’(x) = I’ x) to an _ _ .
axis-parallel ellipsoid with radius a in direction x1 and b in > The new center lies on axis xi. Hence, ¢" = tej for t > 0.
all other directions. » The vectors ey, ey, ... have to fulfill the ellipsoid constraint
. . A7 A= A7
with equality. Hence (e; — ¢ )TQ’" (e; —¢') = 1.
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The Easy Case The Easy Case

. NP | A, -,
» To obtain the matrix Q"  for our ellipsoid E’ note that E’ is
axis-parallel.

» As Q' = it the matrix Q"l is of the form » Let a denote the radius along the x-axis and let b denote
. the (common) radius for the other axes.
az 0 0 » The matrix
1
Q'_l _ 0 4 a 0 ... 0
. ., b
! -
0 0 4= : 5 . 0
0O ... 0 b
maps the unit ball (via function f”(x) = I'x) to an
axis-parallel ellipsoid with radius a in direction x; and b in
all other directions.
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The Easy Case

> (e1 — CA')TQ'71(61 —¢') =1 gives

1-t
0

T

L0 0
0

' 0
0 0 4

» This gives (1 —t)2 = a?.

T
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The Easy Case

A ot RPN
» As Q' = L'L" the matrix Q"  is of the form
1
2 0 0
1
Q,—l _ 0 »Z
' 0
0 0
EADS Il 9 The Ellipsoid Algorithm
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The Easy Case The Easy Case

. . Al A1 Al .
» For i = 1 the equation (¢; — ¢')TQ’" (e; — ¢’') = 1 looks like

(here i = 2)
T » (e — é’)TQ’fl(el —¢') =1 gives
! Lo 0 =t
as T 1
1 ) L 1 1-t z 0 0 1-t
0 b? 0 —
. 1 0 0 & 0
: - 0 .
0 ... 0 - 0
0 b2 0
0 0 0 % 0
P t2 1
» This gives » + ;z = 1, and hence » This gives (1 — )2 = a2,
1 t2
-l a
| EADS Il 9 The Ellipsoid Algorithm
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The Easy Case The Easy Case

. . Al A1 Al .
» For i = 1 the equation (¢; — ¢')TQ’" (e; — ¢’') = 1 looks like

(here i = 2)
T » (e] — é’)TQ’fl(el —¢') =1 gives
-t L0 0 -t
1 @ 1 T /1
0 L 1-t 2= 0 0 1-t
0 b 0 ]=1 0 0 L 0
.. 0 b2
0 ... 0 0
. . 2
» This gives % + % =1, and hence » This gives (1 — )2 = a2
1 2 2
R R L
b2 a? (1-1¢)2
EADS Il 9 The Ellipsoid Algorithm
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The Easy Case

. . Al A1 Al .
» For i = 1 the equation (¢; — ¢')TQ’" (e; — ¢’') = 1 looks like

(here i = 2)
—t g 1 —t
1 a Y ! 1
0o L
0 b2 0 =1
: 0 :
: ) :
0 0 ... 0 % 0
» This gives;—i+%:1,and hence
i—1—ﬁ—1— 2 1-2t
b2 a? (1-1t)2 (1-1t)2
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The Easy Case

> (e1 — 5')TQ'71(e1 —¢') =1 gives

% 0 0
0 g

' 0
0 0 3

» This gives (1 — )2 = a?.
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Summary

So far we have

a=1-t and b=

1-t

1-2t

T
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The Easy Case

» For i = 1 the equation (e; — c”)TQ’*l(el —¢') =1 looks like
(here i = 2)
t g 1 t
_ 1, 0 _
1 “ o 1
0 4= 0 3
’ 0
0 0 &
0 b2 0
» This gives ;—22 + % =1, and hence
i—l—ﬁ—1— 2 1-2t
b2 a’ (1-1t)2 (1-1t)2
EADS Il 9 The Ellipsoid Algorithm
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The Easy Case

We still have many choices for ¢:

Summary

So far we have

T
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The Easy Case

We still have many choices for ¢:

Choose t such that the volume of E’ is minimal!l!

T
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Summary

So far we have
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The Easy Case
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Summary

So far we have
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We still have many choices for ¢:

Choose t such that the volume of E’ is minimal!l!

T

EADS Il
Harald Racke

9 The Ellipsoid Algorithm

187/569

Summary
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The Easy Case

We still have many choices for ¢:

Choose t such that the volume of E’ is minimal!l!

Summary

So far we have

T

EADS Il
Harald Racke

9 The Ellipsoid Algorithm

EADS I
187/569 Harald Racke

a=1-t and b=

9 The Ellipsoid Algorithm

1-t
V1 -2t

186



The Easy Case Summary

We still have many choices for ¢:

So far we have

Choose t such that the volume of E’ is minimal!l!
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The Easy Case Summary

We still have many choices for ¢:

So far we have

Choose t such that the volume of E’ is minimal!l!
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The Easy Case The Easy Case

We still have many choices for ¢:

We want to choose t such that the volume of £’ is minimal.

Choose t such that the volume of E’ is minimal!!!
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The Easy Case

We want to choose t such that the volume of E’ is minimal.

Lemma 51
Let L be an affine transformation and K < R™. Then

vol(L(K)) = |det(L)| - vol(K) .
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We want to choose t such that the volume of £’ is minimal.

Lemma 51
Let L be an affine transformation and K < R™. Then

vol(L(K)) = |det(L)| - vol(K) .
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The Easy Case

» We want to choose t such that the volume of E’ is minimal.

vol(E’) = vol(B(0,1)) - |det(L")] ,
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The Easy Case

» We want to choose t such that the volume of E’ is minimal.

vol(E’) = vol(B(0,1)) - |det(L")] ,

» Recall that

a 0
-, 0O b
I’ =
0
0 0O b
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The Easy Case

» We want to choose t such that the volume of E’ is minimal.

vol(E’) = vol(B(0,1)) - |det(L")] ,

» Recall that

a 0
., b
I’ =
0
0 0O b

» Note that a and b in the above equations depend on ¢, by
the previous equations.

n-dimensional volume
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The Easy Case

vol(E")
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The Easy Case

» We want to choose t such that the volume of E’ is minimal.

vol(E") = vol(B(0,1)) - |det(L")| ,

» Recall that

a 0
ar b
1L’ =
0
0 0O b

» Note that a and b in the above equations depend on t, by
the previous equations.
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» We want to choose t such that the volume of E’ is minimal.

vol(E") = vol(B(0,1)) - |det(L")| ,
vol(E') = vol(B(0,1)) - |det(L")|

» Recall that

a 0
ar b
1L’ =
0
0 0O b

» Note that a and b in the above equations depend on t, by
the previous equations.
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» We want to choose t such that the volume of E’ is minimal.

vol(E") = vol(B(0,1)) - |det(L")| ,
vol(E') = vol(B(0,1)) - |det(L")|

_ . n-1
=vol(B(0,1)) - ab » Recall that

a 0
ar b
1L’ =
0
0 0O b

» Note that a and b in the above equations depend on t, by
the previous equations.
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vol(E") = vol(B(0,1)) - |det(L")| ,
vol(E') = vol(B(0,1)) - |det(L")|

_ . n-1
=vol(B(0,1)) - ab » Recall that

_ n-1
=V01(B(0,1))-(1_t).( 1 t) a 0 ... 0
1-2t A , _
7 =
.
0 0O b

» Note that a and b in the above equations depend on t, by
the previous equations.
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The Easy Case

vol(E') = vol(B(0,1)) - |det(L")|
=vol(B(0,1)) - ab™ !

_ n-1
=vol(B(0,1)) - (1 —t) - (\/11_7;)
=vol(B(0,1)) (V1 =26)n-1

We use the shortcut ® := vol(B(0,1)).

9 The Ellipsoid Algorithm

Harald Racke

191/569

The Easy Case

» We want to choose t such that the volume of E’ is minimal.

vol(E") = vol(B(0,1)) - |det(L")| ,

» Recall that

a 0
Ny b
1L’ =
0
0 0O b

» Note that a and b in the above equations depend on t, by
the previous equations.

EADS Il 9 The Ellipsoid Algorithm
Harald Racke 190



The Easy Case

dvol(E")
dt
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The Easy Case

vol(E') = vol(B(0,1)) - |det(L")|
=vol(B(0,1)) - ab™ !

=vol(B(0,1)) - (1 —¢) - (

=vol(B(0,1)) -

We use the shortcut ® := vol(B(0,1)).
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The Easy Case The Easy Case

dvol(E') d (q) a-on )

dt t \ (viczp)n!
vol(E") = vol(B(0,1)) - |det(L")]|
=vol(B(0,1)) - ab™ !
1 . t n-1
=vol(B(0,1 -1—t-( )
a-on

=vol(B(0,1)) - — v

We use the shortcut ® := vol(B(0,1)).
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The Easy Case

dvol(E) d
dt  dt
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The Easy Case
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The Easy Case The Easy Case

dvol(E') d (cp a-on )

dt dt \ (yi—ep)nl
() _ _ . ~
=N ((—1) n(1-t)" . (V1-20"! vol(E’) = vol(B(0,1)) - |det(L)|
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= vol(B(0,1)) - (1= ) - (=52 )
(1-1)"

=vol(B(0,1)) - ———o——

We use the shortcut ® := vol(B(0,1)).
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=vol(B(0,1)) - —F——=——
We use the shortcut ® := vol(B(0,1)).
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The Easy Case The Easy Case

dvol(E') d (q) a-on )

dt dt \" (vizp)n!
® . )
=N ((—1) nd ="t (V120" vol(E") = vol(B(0,1)) - |det(L)|
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The Easy Case
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The Easy Case

» We obtain the minimum for t = ﬁ

» For this value we obtain
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The Easy Case
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The Easy Case

» We obtain the minimum for t = ﬁ

» For this value we obtain
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The Easy Case

» We obtain the minimum for t = ﬁ

» For this value we obtain

n 1-t n
a=1-t= and b = =
n+1 1-2t n? -1

To see the equation for b, observe that

b2
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The Easy Case

» We obtain the minimum for t = ﬁ

» For this value we obtain
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To see the equation for b, observe that
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The Easy Case

» We obtain the minimum for t = ﬁ

» For this value we obtain
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To see the equation for b, observe that
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The Easy Case

» We obtain the minimum for t = ﬁ
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To see the equation for b, observe that

1
b2 — (1-t)2 (- i)’ _ (p)° _n
1-2t 1— -2 n-l n? -1
n+1 n+1

‘m EADS Il 9 The Ellipsoid Algorithm
Harald Racke

193/569

The Easy Case

dvol(£") :g( a-pr )

dt t \" (vizp)nl 1_ ot
- ((—1) LT (ST
I =
_ 1
#(n - 1)1—27) Z%MW)
® e .
:m-(m) 3. -t !
: ((n— 1)(1-t)-n( —2t)>

= % (W1=20)"3 .- 1. <(n + 1)t — 1)

EADS I 9 The Ellipsoid Algorithm
Harald Racke 192
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How to Compute the New Ellipsoid
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The Easy Case

Let y, = % = ab™~! be the ratio by which the volume
changes:
2
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where we used (1 + x)% < e?* forx € R and a > 0.
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How to Compute the New Ellipsoid

» Use f~! (recall that f = Lx + t is the affine transformation
of the unit ball) to rotate/distort the ellipsoid (back) into the
unit ball.
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How to Compute the New Ellipsoid

» Use f~! (recall that f = Lx + t is the affine transformation
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unit ball.

» Use a rotation R~! to rotate the unit ball such that the
normal vector of the halfspace is parallel to e;.
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How to Compute the New Ellipsoid

» Use f~! (recall that f = Lx + t is the affine transformation
of the unit ball) to rotate/distort the ellipsoid (back) into the
unit ball.

» Use a rotation R~! to rotate the unit ball such that the
normal vector of the halfspace is parallel to e;.

» Compute the new center ¢’ and
the new matrix Q' for this
simplified setting.
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How to Compute the New Ellipsoid
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» Use f~! (recall that f = Lx + t is the affine transformation
of the unit ball) to rotate/distort the ellipsoid (back) into the
unit ball.

» Use a rotation R~! to rotate the unit ball such that the
normal vector of the halfspace is parallel to e;.
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the new matrix Q'
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How to Compute the New Ellipsoid

» Use f~! (recall that f = Lx + t is the affine transformation

Our progress is the same: of the unit ball) to rotate/distort the ellipsoid (back) into the
unit ball.
e,ﬁ » Use a rotation R~! to rotate the unit ball such that the

normal vector of the halfspace is parallel to e;.

» Compute the new center ¢’ and
the new matrix Q' for this
simplified setting. TS

» Use the transformations
R and f to get the
new center ¢’ and
the new matrix Q'
for the original
ellipsoid E.
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How to Compute the New Ellipsoid

» Use f~! (recall that f = Lx + t is the affine transformation

Our progress is the same: of the unit ball) to rotate/distort the ellipsoid (back) into the
unit ball.
o - vol(E')  vol(E’) _ vol(R(E")) » Use a rotation R~ ! to rotate the unit ball such that the
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vol(E) ~ vol(f(E))  vol(E) the new matrix Q’ for this
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L . . . . » Use the transformations
Here it is important that mapping a set with affine function R and f to get the
f(x) = Lx +t changes the volume by factor det(L). e e A
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The Ellipsoid Algorithm

How to Compute The New Parameters?
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Our progress is the same:

e vol(E") _ vol(}%’) _ Vol(R(EA’))
vol(B(0,1))  vol(E)  vol(R(E))

_ vol(E') _ vol(f(E")) _ vol(E")

~ vol(E)  vol(f(E))  vol(E)

Here it is important that mapping a set with affine function
f(x) = Lx + t changes the volume by factor det(L).
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The Ellipsoid Algorithm

How to Compute The New Parameters?

The transformation function of the (old) ellipsoid: f(x) = Lx + c;
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The Ellipsoid Algorithm
How to Compute The New Parameters?
The transformation function of the (old) ellipsoid: f(x) = Lx + c;

The halfspace to be intersected: H = {x | al (x — ¢) < 0};
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The Ellipsoid Algorithm

After rotating back (applying R~!) the normal vector of the
halfspace points in negative x-direction. Hence,
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—e1 - =R-e;
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How to Compute The New Parameters?
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Recall that

2.0
0 b2
0

For computing the matrix Q' of the new ellipsoid we assume in
the following that £/, E” and E’ refer to the ellispoids centered in
the origin.
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Recall that

a’> 0 0
~ | 0 b?
S

0 0 b? . o, o .
For computing the matrix Q' of the new ellipsoid we assume in
the following that £/, E” and E’ refer to the ellispoids centered in

This gives the origin.
2

nzn— 1 <1_ n+ 1elelT>

Q' =

because for a? = n*/(n+1)2 and b? = n?/n2 -1

b2 2 2 _ n? 2n?

n+l n2-1 m-1)(n+1)2

n?n+1) —2n? n’n-1)

T n-1Dn+1)2 m-1)m+1)2
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9 The Ellipsoid Algorithm Recall that

a? o0 0
., 0 b2
Q = -
N 0
E 0 0 b2

This gives
2
A7 n 2 T
Q= nz—l(I n+1e1e1>

because for a? = n*/(n+1)2 and b? = n?/n2-1

b2 _ 2 2 n? B 2n?
n+l m2-1 m-1)n+1)2

n’m+1)-2n? nm-1) »

. T m-1)m+1)2 nm-1)n+1)2
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Hence,
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9 The Ellipsoid Algorithm

E' =R(E)
— {R(x) | xTQ' 'x <1}
=y | RTQ 'Ry < 1)
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Hence,
Q' = RQ'RT
2
_ n _ T\  pT
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2
__n T 2 T
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Incomplete Algorithm

Algorithm 1 ellipsoid-algorithm

1: input: point ¢ € R™, convex set K < R"
2: output: point x € K or “K is empty”

3:. Q =M

4: repeat

5 if c € K then return ¢

6
7

else
choose a violated hyperplane a
1 Qa
8: cC —Cc-— —_—
n+1 /aTQa
2 T
_ n 2 Qaa'Q
% Q n2—1<Q n+1 aTQa)
10: endif
11: until 77?

12: return “K is empty”

9 The Ellipsoid Algorithm

Hence,
Q' =LQ'L"
2 T, T
_7._n ( 2 L'aa L) LT
n2 -1 n+1 alQa
. n? (Q— 2 QowLTQ>
n? -1 n+1 alQa
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Repeat: Size of basic solutions Incomplete Algorithm

Algorithm 1 ellipsoid-algorithm

1: input: point ¢ € R™, convex set K < R"

Lemma 52 2: output: point x € K or “K is empty”

Let P = {x € R" | Ax < b} be a bounded polyhedron. Let (amax)

3: Q —
be the maximum encoding length of an entry in A, b. Then every 4 ipeat
. . . . D; . :
entry X in a basic solution fulfills |x ;| = - with . if K th .
D: D < 22n(amax)+2nlog2 n mce én return ¢
Js 6: else
7 choose a violated hyperplane a
1 Qa
8: cC —C-— —_—
n+1 /aTQa
2 T
n 2 Qaa'Q
9: Q-5 (Q - T )
n-—-1 n+1 a'Qa
10: endif
11: until 722

12: return “K is empty”
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Repeat: Size of basic solutions Incomplete Algorithm

Algorithm 1 ellipsoid-algorithm

1: input: point ¢ € R™, convex set K < R"

Lemma 52 2: output: point x € K or “K is empty”

LetP = {x € R" | Ax < b} be a bounded polyhedron. Let (amax)

3:. Q =M
be the maximum encoding length of an entry in A, b. Then every 4 ipeat
. . . . D; . :
entry X in a basic solution fulfills |x ;| = - with . if K th .
DD < 22Mame)+2nlog, 1 if c € en return ¢
Js 6: else
] ) ol 7 choose a violated hyperplane a
In the following we use § := 227 {amax)+2nlogy n ] 0a
8: cC —c-— —_—
Note that here we have P = {x | Ax < b}. The previous lemmas wl yalQa
we had about the size of feasible solutions were slightly n2 2 QaalqQ
different as they were for different polytopes. & Q- n2_—1 <Q " n+1 alQa )
10: endif
11: until 722

, 12: return “K is empty”
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Repeat: Size of basic solutions

Proof:
Let A = [A —A Im], b, be the matrix and right-hand vector after
transforming the system to standard form.

The determinant of the matrices Ag and M; (matrix obt. when
replacing the j-th column of Ap by b) can become at most

det(AB),det(Mj) < ||?max”2n
< (1/21/1 . 2(amax>)2n < 2271<afmax>+2n10g2n ,

where fmax is the longest column-vector that can be obtained
after deleting all but 21 rows and columns from A.

This holds because columns from I,,, selected when going from
A to Ag do not increase the determinant. Only the at most 2n
columns from matrices A and —A that A consists of contribute.

Repeat: Size of basic solutions

Lemma 52

LetP = {x € R" | Ax < b} be a bounded polyhedron. Let (amax)
be the maximum encoding length of an entry in A, b. Then every
entry x; in a basic solution fulfills |x ;| = % with

DJ',D < 22n(amax)+2nl()g2 n

In the following we use § := 22"(amax)+2nlogy n

Note that here we have P = {x | Ax < b}. The previous lemmas
we had about the size of feasible solutions were slightly
different as they were for different polytopes.
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How do we find the first ellipsoid? Repeat: Size of basic solutions

Proof:
Let A = [A —A Im], b, be the matrix and right-hand vector after
transforming the system to standard form.

The determinant of the matrices Ag and M; (matrix obt. when
replacing the j-th column of Ap by b) can become at most

det(Ap), det(M;) < [|fmax|I*"

< ( /21’1 . 2(amax>)2n < 22n<amax)+2nlog2n ,

where ¥max is the longest column-vector that can be obtained
after deleting all but 21 rows and columns from A.

This holds because columns from I,,, selected when going from
A to Ag do not increase the determinant. Only the at most 2n
columns from matrices A and —A that A consists of contribute.
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How do we find the first ellipsoid? Repeat: Size of basic solutions

Proof:
For feasibility checking we can assume that the polytop P is Let A = [A -A Im], b, be the matrix and right-hand vector after
bounded:; it is sufficient to consider basic solutions. transforming the system to standard form.

The determinant of the matrices Ag and M; (matrix obt. when
replacing the j-th column of Ap by b) can become at most

det(Ap), det(M;) < [|fmax|I*"

< ( /21’1 . 2(amax>)2n < 22n<amax)+2nlog2n ,

where ¥max is the longest column-vector that can be obtained
after deleting all but 21 rows and columns from A.

This holds because columns from I,,, selected when going from
A to Ag do not increase the determinant. Only the at most 2n
columns from matrices A and —A that A consists of contribute.
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How do we find the first ellipsoid?

For feasibility checking we can assume that the polytop P is
bounded; it is sufficient to consider basic solutions.

Every entry x; in a basic solution fulfills |x;| < 6.
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How do we find the first ellipsoid? Repeat: Size of basic solutions

Proof:
For feasibility checking we can assume that the polytop P is Let A = [A -A Im], b, be the matrix and right-hand vector after
bounded; it is sufficient to consider basic solutions. transforming the system to standard form.
Every entry x; in a basic solution fulfills |x;| < §. The determinant of the matrices Az and M; (matrix obt. when

replacing the j-th column of Ap by b) can become at most
Hence, P is contained in the cube —§ < x; < 4. ) ) .
det(AB),det(Mj) < |Wmax”2n
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where ¥max is the longest column-vector that can be obtained
after deleting all but 21 rows and columns from A.
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columns from matrices A and —A that A consists of contribute.
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How do we find the first ellipsoid? Repeat: Size of basic solutions

Proof:
For feasibility checking we can assume that the polytop P is Let A = [A -A Im], b, be the matrix and right-hand vector after
bounded; it is sufficient to consider basic solutions. transforming the system to standard form.
Every entry x; in a basic solution fulfills |x;| < §. The determinant of the matrices Az and M; (matrix obt. when

replacing the j-th column of Ap by b) can become at most

Hence, P is contained in the cube —§ < x; < 4. ) ) .
det(AB),det(Mj) < |Wmax”2n

A vector in this cube has at most distance R := /né from the < (V2 - 2%ama))2n < p2n(amax)+2nlogy n
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where ¥max is the longest column-vector that can be obtained
after deleting all but 21 rows and columns from A.

This holds because columns from I,,, selected when going from
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columns from matrices A and —A that A consists of contribute.
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How do we find the first ellipsoid?

For feasibility checking we can assume that the polytop P is
bounded; it is sufficient to consider basic solutions.

Every entry x; in a basic solution fulfills |x;| < 6.
Hence, P is contained in the cube -6 < x; < 6.

A vector in this cube has at most distance R := /né from the
origin.

Starting with the ball Eyp := B(0,R) ensures that P is completely
contained in the initial ellipsoid. This ellipsoid has volume at
most R"vol(B(0,1)) < (nd)"vol(B(0,1)).
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Repeat: Size of basic solutions

Proof:
Let A = [A —A Im], b, be the matrix and right-hand vector after
transforming the system to standard form.

The determinant of the matrices Ag and M; (matrix obt. when
replacing the j-th column of Ap by b) can become at most

det(AB),det(Mj) < Hgmaxnzn
< (m . 2(amax>)2n < 22n<amax)+2nlogzn ,

where ¥max is the longest column-vector that can be obtained
after deleting all but 21 rows and columns from A.

This holds because columns from I,,, selected when going from
A to Ag do not increase the determinant. Only the at most 2n
columns from matrices A and —A that A consists of contribute.



When can we terminate? How do we find the first ellipsoid?

For feasibility checking we can assume that the polytop P is
bounded; it is sufficient to consider basic solutions.

Every entry x; in a basic solution fulfills |x;| < 6.
Hence, P is contained in the cube -6 < x; < 6.

A vector in this cube has at most distance R := \/nd from the
origin.

Starting with the ball Eg := B(0, R) ensures that P is completely
contained in the initial ellipsoid. This ellipsoid has volume at
most R" vol(B(0,1)) < (né)" vol(B(0,1)).
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When can we terminate? How do we find the first ellipsoid?

Let P:= {x | Ax < b} with A € Z and b € Z be a bounded For feasibility checking we can assume that the polytop P is

polytop. Let (amax) be the encoding length of the largest entry bounded; it is sufficient to consider basic solutions.

in Aorb. _ _ _ _
Every entry x; in a basic solution fulfills |x;| < 6.

Hence, P is contained in the cube -6 < x; < 6.

A vector in this cube has at most distance R := \/nd from the
origin.

Starting with the ball Eg := B(0, R) ensures that P is completely
contained in the initial ellipsoid. This ellipsoid has volume at
most R" vol(B(0,1)) < (né)" vol(B(0,1)).
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When can we terminate?

Let P:= {x | Ax < b} with A € Z and b € 7 be a bounded
polytop. Let (amax) be the encoding length of the largest entry
in A or b.

Consider the following polyhedron

1

P/\ZZ{X|AXS19+; : },
1

where A = 62 + 1.
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For feasibility checking we can assume that the polytop P is
bounded; it is sufficient to consider basic solutions.

Every entry x; in a basic solution fulfills |x;| < 6.
Hence, P is contained in the cube -6 < x; < 6.

A vector in this cube has at most distance R := \/nd from the
origin.

Starting with the ball Eg := B(0, R) ensures that P is completely
contained in the initial ellipsoid. This ellipsoid has volume at
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When can we terminate?

Let P:= {x | Ax < b} with A € Z and b € 7 be a bounded
polytop. Let (amax) be the encoding length of the largest entry
Lemma 53 in A or b.

P, is feasible if and only if P is feasible.
Consider the following polyhedron

1

PA:={x|Axsb+21\ : },
1

where A = §2 + 1.

‘m EADS Il 9 The Ellipsoid Algorithm EADS II 9 The Ellipsoid Algorithm
Harald Racke 210/569 Harald Racke

209



When can we terminate?

Let P:= {x | Ax < b} with A € Z and b € 7 be a bounded
polytop. Let (amax) be the encoding length of the largest entry
Lemma 53 in A or b.

P, is feasible if and only if P is feasible.
Consider the following polyhedron

< obvious! .

PA:={x|Axsb+21\ : },
1

where A = §2 + 1.
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Lemma 53
P, is feasible if and only if P is feasible.

< obvious!
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Consider the polyhedrons
P={x|[A-AlIn|x =bix =0}

and

PAz{xl[AfAIm]x:bJrl tlix=of .

A
1

Lemma 53

P, is feasible if and only if P is feasible.

< obvious!
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Consider the polyhedrons

P={x|[A-AlIn|x =bix =0} Lemma 53
d P, is feasible if and only if P is feasible.
an
! b
_ : i !
PAz{xl[AfAIm]x:bJr% sxz 0} = obvious
1

P is feasible if and only if P is feasible, and P, feasible if and
only if P, feasible.
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Consider the polyhedrons

P={x|[A-AlIn|x =bix =0} Lemma 53
d P, is feasible if and only if P is feasible.
an
! b
_ : i !
PAz{xl[AfAIm]x:bJr% sxz 0} = obvious
1

P is feasible if and only if P is feasible, and P, feasible if and
only if P, feasible.

Py is bounded since P, and P are bounded.
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Let A = [A ~A Im].

P, feasible implies that there is a basic feasible solution

represented by
1

xp = Ag'b + %Agl

(The other x-values are zero)

Consider the polyhedrons
P={x|[A-ALn|x =b;x >0}
and
PAz{xl[AfAIm]x:bJr% :[ix =0} .
1
P is feasible if and only if P is feasible, and P, feasible if and

only if P, feasible.

P, is bounded since Py and P are bounded.



Let A = [A ~A Im].

P, feasible implies that there is a basic feasible solution

represented by
1

xg=Ap'b + %Agl
(The other x-values are zero)

The only reason that this basic feasible solution is not feasible
for P is that one of the basic variables becomes negative.

=
Consider the polyhedrons
P={x|[A-ALn|x =b;x >0}

and

_ (.|

PAz{xl[AfAIm]x:b+X :[ix =0} .

1

P is feasible if and only if P is feasible, and P, feasible if and

only if P, feasible.

P, is bounded since Py and P are bounded.



Let A=[A -A L.
P, feasible implies that there is a basic feasible solution

represented by
1

xg=Ap'b + %Agl
(The other x-values are zero)

The only reason that this basic feasible solution is not feasible
for P is that one of the basic variables becomes negative.

Hence, there exists i with

(Aglb); <0 < (Aglb); + %(Agli)i

=
Consider the polyhedrons
P={x|[A-ALn|x =b;x >0}

and

_ (.|

PAz{xl[AfAIm]x:b+X :[ix =0} .

1

P is feasible if and only if P is feasible, and P, feasible if and

only if P, feasible.

P, is bounded since Py and P are bounded.



By Cramers rule we get

(A3'b)i <0 = (Ag'b); < -

b
det(/\B)
and

(Ag'D); < det(M;) ,

where MJ- is obtained by replacing the j-th column of Az by 1.
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1
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By Cramers rule we get

(A3'b)i <0 = (Ag'b); < -

I
det(AB)
and

(Ag'D); < det(M;) ,

where M; is obtained by replacing the j-th column of Ag by 1.

However, we showed that the determinants of Ag and Mj can
become at most 6.
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represented by
1

xp = Ag'b + %Agl
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The only reason that this basic feasible solution is not feasible
for P is that one of the basic variables becomes negative.
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By Cramers rule we get

(A3'b)i <0 = (Ag'b); < -

I
det(AB)
and

(Ag'D); < det(M;) ,

where M; is obtained by replacing the j-th column of Ag by 1.

However, we showed that the determinants of Ag and Mj can
become at most 6.

Since, we chose A = 62 + 1 this gives a contradiction.
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Let A=A -A L.
P, feasible implies that there is a basic feasible solution

represented by
1

xp = Ag'b + %Agl
(The other x-values are zero)

The only reason that this basic feasible solution is not feasible
for P is that one of the basic variables becomes negative.

Hence, there exists i with

(Ap'b)i <0 < (Aglh); + %(Agli)i



By Cramers rule we get

1

A—1 . A1—1 i -
(Ap'D)i<0 = (Ag'b)i< -

and
(Ag'D); < det(M;) ,

where Mj is obtained by replacing the j-th column of Ap by I.

However, we showed that the determinants of Ag and Mj can
become at most o.

Since, we chose A = 62 + 1 this gives a contradiction.
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Lemma 54
If Py is feasible then it contains a ball of radius v := 1/53. This By Cramers rule we get

has a volume of at least v""vol(B(0,1)) = ﬁvol(B(O, 1)). .

A—1 . A1—1 i -
(Ap'D)i<0 = (Ag'b)i< -

and
(Ag'D); < det(M;) ,

where MJ is obtained by replacing the j-th column of Ap by I.

However, we showed that the determinants of Ag and Mj can
become at most o.

Since, we chose A = 62 + 1 this gives a contradiction.
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Lemma 54
If Py is feasible then it contains a ball of radius v = 1/5°. This
has a volume of at least v""vol(B(0,1)) = ﬁvol(B(O, 1)).

Proof:
If P, feasible then also P. Let x be feasible for P.
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By Cramers rule we get
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(A3'b); <0 = (A3'b); < et (A
and

(Ag'D); < det(M;) ,

where MJ is obtained by replacing the j-th column of Ap by I.

However, we showed that the determinants of Ag and Mj can
become at most o.

Since, we chose A = 62 + 1 this gives a contradiction.
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Lemma 54
If Py is feasible then it contains a ball of radius v = 1/5°. This
has a volume of at least v""vol(B(0,1)) = ﬁvol(B(O, 1)).

Proof:
If P, feasible then also P. Let x be feasible for P.
This means Ax < b.
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Lemma 54
If Py is feasible then it contains a ball of radius v = 1/5°. This
has a volume of at least v""vol(B(0,1)) = ﬁvol(B(O, 1)).

Proof:
If P, feasible then also P. Let x be feasible for P.
This means Ax < b.

Let £ with ||£] < 7. Then

(Alx +€));

‘m EADS Il 9 The Ellipsoid Algorithm
Harald Racke 214/569
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However, we showed that the determinants of Ag and Mj can
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Lemma 54
If Py is feasible then it contains a ball of radius v = 1/5°. This
has a volume of at least v""vol(B(0,1)) = ﬁvol(B(O, 1)).

Proof:
If P, feasible then also P. Let x be feasible for P.
This means Ax < b.
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Lemma 54
If Py is feasible then it contains a ball of radius v = 1/5°. This
has a volume of at least v""vol(B(0,1)) = ﬁvol(B(O, 1)).
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Proof:
If P, feasible then also P. Let x be feasible for P.
This means Ax < b.

Let £ with ||£] < 7. Then

(A(x +{7))i = (Ax); + (Ag)i <b;+ diT!7
< b+ ld@ll - I1€)] < by + v - 2(@ma) .y

. 2 {amax)
N , 1

Sbi+ 53 < i+m§

bi-i-

>
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By Cramers rule we get

i=1p1. i-lpy, o 1
(A3'b); <0 = (A3'b); < et (A
and

(Ag'D); < det(M;) ,

where MJ is obtained by replacing the j-th column of Ap by I.

However, we showed that the determinants of Ag and Mj can
become at most o.

Since, we chose A = 62 + 1 this gives a contradiction.
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Lemma 54
If Py is feasible then it contains a ball of radius v := 1/53. This
has a volume of at least v""vol(B(0,1)) = ﬁvol(B(O, 1)).

Proof:
If P, feasible then also P. Let x be feasible for P.
This means Ax < b.

Let £ with ||£] < 7. Then

(A(x +{7))i = (Ax); + (Ag)i <b;+ diT!7
< b+ ld@ll - I1€)] < by + v - 2(@ma) .y

. 2 {amax)
N , 1

Sbi+ 53 < i+m§

bi-‘r

>

Hence, x + U is feasible for Py which proves the lemma.
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Lemma 54
If Py is feasible then it contains a ball of radius v := 1/5°. This
has a volume of at least v"'vol(B(0,1)) = ﬁvol(B(O, 1)).

Proof:
If P, feasible then also P. Let x be feasible for P.
This means Ax < b.

Let £ with IIEII < 7. Then

(AGx +0)); = (Ax); + (AD); < by +ald
< b + @il - 1)l < by + /n - 2%ama) .y

\/ﬁ . Z(amax> _ 1

shit T =bit o

1
Sbl'i‘x

Hence, x + Uis feasible for Py which proves the lemma.

‘m EADS Il 9 The Ellipsoid Algorithm EADS II 9 The Ellipsoid Algorithm
Harald Racke 215/569 Harald Racke

214



Lemma 54

How many iterations do we need until the volume becomes too If Py is feasible then it contains a ball of radius v := 1/5°. This
small? has a volume of at least v""vol(B(0,1)) = ﬁvol(B(O, 1)).
Proof:

If P, feasible then also P. Let x be feasible for P.
This means Ax < b.

Let £ with IIEII < 7. Then

(A(x + )i = (Ax); + (AD); < b; + dﬁ
< b + @il - 1)l < by + /n - 2%ama) .y

\/ﬁ . 2(amax> _ 1

shit T =bit o

1
Sbl'i‘x

Hence, x + Uis feasible for Py which proves the lemma.
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How many iterations do we need until the volume becomes too
small?

e 2(n+I)

- vol(B(0,R)) < vol(B(0,7))

Lemma 54
If Py is feasible then it contains a ball of radius v := 1/5°. This
has a volume of at least v"'vol(B(0,1)) = ﬁvol(B(O, 1)).

Proof:
If P, feasible then also P. Let x be feasible for P.
This means Ax < b.

Let £ with IIEII < 7. Then

(AGx +0)); = (Ax); + (AD); < by +ald
< b + @il - 1)l < by + /n - 2%ama) .y

\/ﬁ . Z(amax> _ 1

shit T =bit o

1
Sbl'i‘x

Hence, x + Uis feasible for Py which proves the lemma.

9 The Ellipsoid Algorithm

Harald Racke

EADS Il
Harald Racke

9 The Ellipsoid Algorithm
215/569

214



Lemma 54

How many iterations do we need until the volume becomes too If Py is feasible then it contains a ball of radius v := 1/5°. This
small? has a volume of at least v""vol(B(0,1)) = ﬁvol(B(O, 1)).
e~ 7m0 - vol(B(0,R)) < vol(B(0,7)) Proof:
If P, feasible then also P. Let x be feasible for P.
Hence, This means Ax < b.
i Let £ with [|£]| <. Then
(A(x +0)); = (Ax); + (AD); < b; + aT €
< bi + Gl - 1€l < by + Vi - 2%am=) .
\/ﬁ . 2(amax> 1 1
Sbi"‘TS i+m§bi+x
Hence, x + Uis feasible for Py which proves the lemma.
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How many iterations do we need until the volume becomes too
small?

e~ 7@ - vol(B(0, R)) < vol(B(0, 7))

Hence,

vol(B(0,R)) )

i>2n+ 1)1n(v01(B(0,T))
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Lemma 54
If Py is feasible then it contains a ball of radius v := 1/5°. This
has a volume of at least v"'vol(B(0,1)) = ﬁvol(B(O, 1)).
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If P, feasible then also P. Let x be feasible for P.
This means Ax < b.

Let £ with IIEII < 7. Then

(A(x + )i = (Ax); + (AD); < b; + dﬁ
< b + @il - 1)l < by + /n - 2%ama) .y

\/ﬁ . 2(amax> _ 1

1
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How many iterations do we need until the volume becomes too
small?

e~ 7@ - vol(B(0, R)) < vol(B(0, 7))

Hence,
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=2n+1)In (n”é" . 63">
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If Py is feasible then it contains a ball of radius v := 1/5°. This
has a volume of at least v"'vol(B(0,1)) = ﬁvol(B(O, 1)).
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If P, feasible then also P. Let x be feasible for P.
This means Ax < b.
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This means Ax < b.
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How many iterations do we need until the volume becomes too
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Lemma 54
If Py is feasible then it contains a ball of radius v := 1/5°. This
has a volume of at least v"'vol(B(0,1)) = ﬁvol(B(O, 1)).

Proof:
If P, feasible then also P. Let x be feasible for P.
This means Ax < b.

Let £ with IIEII < 7. Then

(AGx +0)); = (Ax); + (AD); < by +ald
< b + @il - 1)l < by + /n - 2%ama) .y
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Algorithm 1 ellipsoid-algorithm

1: input: point ¢ € R™, convex set K < R", radii R and r
2 with K < B(c,R), and B(x,7) < K for some x
3: output: point x € K or “K is empty”

4: Q — diag(R?,...,R?) //i.e., L = diag(R,...,R)

5: repeat

6 if c € K then return ¢

7
8

else
choose a violated hyperplane a
1 Qa
9: C < C-—
n+1 /aTQa
2 T
n 2 Qaa'Q
10: - - ===
0 Q n2—1<Q n+1 aTQa)
11: endif

12: until det(Q) < 2" //i.e., det(L) < r"
13: return “K is empty”

How many iterations do we need until the volume becomes too
small?

e~ 7@ - vol(B(0, R)) < vol(B(0,7))
Hence,

VOl(B(O,R)))
vol(B(0,7))
=2(n+1)ln (n"é" . 53")
=8n(n+1)In(d) + 2(n + 1)nln(n)
= O(poly(n, (@max)))

i>2(n+1)1n(
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Separation Oracle: Algorithm 1 ellipsoid-algorithm

Let K = R™ be a convex set. A separation oracle for K is an 1: input: point ¢ € R™, convex set K < R™, radii R and »
algorithm A that gets as input a point x € R"™ and either 2 with K < B(c,R), and B(x,r) < K for some x
» certifies that x € K, 3: output: point x € K or “K is empty”

4: Q — diag(R?,...,R?) //i.e., L = diag(R,...,R)
5: repeat
6
7
8

if c € K then return ¢

else
choose a violated hyperplane a
1 Qa
9: C —C— ————
n+1 /aTQa
2 T
n 2 Qaa'Q
10: — =
0 Q nZ—I(Q n+1 aTQa)
11: endif

12: until det(Q) < 2" //i.e., det(L) < r"
13: return “K is empty”
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Separation Oracle: Algorithm 1 ellipsoid-algorithm

Let K = R™ be a convex set. A separation oracle for K is an 1: input: point ¢ € R™, convex set K < R™, radii R and »
algorithm A that gets as input a point x € R"™ and either 2 with K < B(c,R), and B(x,r) < K for some x
» certifies that x € K, 3: output: point x € K or “K is empty”

4: Q — diag(R?,...,R?) //i.e., L = diag(R,...,R)
5: repeat
6
7
8

» or finds a hyperplane separating x from K.

if c € K then return ¢

else
choose a violated hyperplane a
1 Qa
9: C —C— ————
n+1 /aTQa
2 T
n 2 Qaa'Q
10: — =
0 Q nZ—I(Q n+1 aTQa)
11: endif

12: until det(Q) < 2" //i.e., det(L) < r"
13: return “K is empty”
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Separation Oracle: Algorithm 1 ellipsoid-algorithm

Let K < R" be a convex set. A separation oracle for K is an 1: input: point ¢ € R", convex set K < R™, radii R and »
algorithm A that gets as input a point x € R"™ and either 2 with K < B(c,R), and B(x,7r) < K for some x

» certifies that x € K, 3: output: point x € K or “K is empty”
» or finds a hyperplane separating x from K. 4 Q — diag(R%,...,R?) // i.e., L = diag(R,...,R)
5: repeat
6
7
8

We will usually assume that A is a polynomial-time algorithm. .
Y poly 9 if c € K then return ¢

else
choose a violated hyperplane a
1 Qa
9: C —C— ————
n+1 /aTQa
2 T
n 2 Qaa'Q
10: — =
0 Q nZ—I(Q n+1 aTQa)
11: endif

12: until det(Q) < 2" //i.e., det(L) < r"
13: return “K is empty”
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Separation Oracle: Algorithm 1 ellipsoid-algorithm

Let K < R" be a convex set. A separation oracle for K is an 1: input: point ¢ € R", convex set K < R™, radii R and »
algorithm A that gets as input a point x € R"™ and either 2 with K < B(c,R), and B(x,7r) < K for some x

» certifies that x € K, 3: output: point x € K or “K is empty”
» or finds a hyperplane separating x from K. 4 Q — diag(R%,...,R?) // i.e., L = diag(R,...,R)
5: repeat
6
7
8

We will usually assume that A is a polynomial-time algorithm. .
Y poly 9 if c € K then return ¢

In order to find a point in K we need else

] ) ) ] choose a violated hyperplane a
» a guarantee that a ball of radius 7 is contained in K,

. .. 1 Qa_
' n+1 /aTQa
n? 2 QaaTq
10: Qi_nz—l(Q_n+1 aTQa)
11: endif

12: until det(Q) < 2" //i.e., det(L) < r"
13: return “K is empty”
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Separation Oracle: Algorithm 1 ellipsoid-algorithm

Let K < R" be a convex set. A separation oracle for K is an 1: input: point ¢ € R", convex set K < R™, radii R and »
algorithm A that gets as input a point x € R"™ and either 2 with K < B(c,R), and B(x,7r) < K for some x

» certifies that x € K, 3: output: point x € K or “K is empty”
» or finds a hyperplane separating x from K. 4 Q — diag(R%,...,R?) // i.e., L = diag(R,...,R)
5: repeat
6
7
8

We will usually assume that A is a polynomial-time algorithm. .
Y poly 9 if c € K then return ¢

In order to find a point in K we need else

] ) ) ] choose a violated hyperplane a
» a guarantee that a ball of radius 7 is contained in K,

1 Qa
» an initial ball B(c, R) with radius R that contains K, 9: € =C= \/m
2 T
n 2 Qaa'Q
10: — -
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Separation Oracle: Algorithm 1 ellipsoid-algorithm

Let K < R" be a convex set. A separation oracle for K is an 1: input: point ¢ € R", convex set K < R™, radii R and »
algorithm A that gets as input a point x € R"™ and either 2 with K < B(c,R), and B(x,7r) < K for some x

» certifies that x € K, 3: output: point x € K or “K is empty”
» or finds a hyperplane separating x from K. 4 Q — diag(R%,...,R?) // i.e., L = diag(R,...,R)
5: repeat
6
7
8

We will usually assume that A is a polynomial-time algorithm. .
Y poly 9 if c € K then return ¢

In order to find a point in K we need else

] ) ) ] choose a violated hyperplane a
» a guarantee that a ball of radius 7 is contained in K,

1 Qa
» an initial ball B(c, R) with radius R that contains K, n+1 \/m
» a separation oracle for K. 5 7
. Q- n (Q B 2 Qaa Q)
' n2 -1 n+1 alQa
11: endif

12: until det(Q) < 2" //i.e., det(L) < r"
13: return “K is empty”
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Separation Oracle:
Let K = R™ be a convex set. A separation oracle for K is an
algorithm A that gets as input a point x € R™ and either

» certifies that x € K,
» or finds a hyperplane separating x from K.

We will usually assume that A is a polynomial-time algorithm.

In order to find a point in K we need
» a guarantee that a ball of radius 7 is contained in K,
» an initial ball B(c, R) with radius R that contains K,
> a separation oracle for K.

The Ellipsoid algorithm requires O (poly(n) - log(R /7))
iterations. Each iteration is polytime for a polynomial-time
Separation oracle.
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10 Karmarkars Algorithm

> inequalities Ax < b; m X n matrix A with rows aiT
» P={x| Ax <b}; P°:={x | Ax < b}
> interior point algorithm: x € P° throughout the algorithm
» for x € P° define
si(x):=b; — aiTx

as the slack of the i-th constraint

logarithmic barrier function:
m
$(x) = — > log(si(x))
i=1

Penalty for point x; points close to the boundary have a very
large penalty.



Penalty Function 10 Karmarkars Algorithm

| | 10 > inequalities Ax < b; m x n matrix A with rows a/
o1 %%574 g » P ={x|Ax < b}; P°:= {x | Ax < b}
%;”F/’F/? // » interior point algorithm: x € P° throughout the algorithm
f;// / 6

tr [ ’ I » for x € P° define
//// <“////// 4 si(x) :=b;—alx

°r /( \ // r | as the slack of the i-th constraint
N / 2
0 logarithmic barrier function:
_2 // a
m
| ° B(x) = — > log(s;(x))
-2 -1 0 1 2 3 4 5 i=1

Penalty for point x; points close to the boundary have a very
large penalty.
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Gradient and Hessian Penalty Function

Taylor approximation:

Ppx+e€)~ Pp(x)+Vp(x)Te+ %GTV2¢>(x)e

11

nm
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Gradient and Hessian

Taylor approximation:

Ppx+e€)~ Pp(x)+Vp(x)Te+ leTv2qt>(x)e

2
Gradient:
<1
V(x) = i; S0 a; =Ald,
where dT (1/s51(x),..., 1/sm(x)). (dx vector of inverse slacks)

Penalty Function

il

EADS I 10 Karmarkars Algorithm
Harald Racke

220



Gradient and Hessian Penalty Function

Taylor approximation:

Ppx+e€)~ Pp(x)+Vp(x)Te+ leTv2qt>(x)e

2

Gradient:

mo u“

V0 = 2 o e Al | “

- | O n‘c‘a‘a‘i"“i‘m | N Hu {
where dL = (1/s1(x),..., 1/5m(x)). (dx vector of inverse slacks) “44‘ MM.W‘%MN‘ | ‘
Hessian:

<1
Hy = V?p(x) = El Waia{ =ATD2A

with Dy = diag(dy). EADS I 10 Karmarkars Algorithm

Harald Racke



Proof for Gradient

0p(x) _ i( Zln(sr(x)))

0X; 0x;
s (s 00} = = X 52 (sr00)

raxl r
o) et )
B ;Sy(x)axl(br ArX _;Sy(x)axl arX

1
;ST(X) "

The i-th entry of the gradient vector is >, 1/s,(x) - Ay;. This
gives that the gradient is

Vo(x) = Z 1/sy(x)ay = Ade

Gradient and Hessian

Taylor approximation:

Pp(x+€) =~ Ppx)+Vpx)Te+ %ETVZd)(x)e

Gradient:
LS|
Vo (x) = ca;=ATd
B = 3 (= ATdy
where dL = (1/s1(x),...,1/sm(x)). (dx vector of inverse slacks)
Hessian:
UL |
Hy = V?p(x) = z el =ATD2A
=1l l



Proof for Hessian

o (Fter ) -3 ﬁ) - aij(sm)

v

Zml

Sy (x)2

Note that >, A, ;A = (ATA)” Adding the additional factors
1/s,(x)? can be done with a diagonal matrix.

Hence the Hessian is
Hy = ATD?A

Proof for Gradient

amm:a(_zmmwﬂ

axi axl-

_ ; aii (ln(sy(x))> - Z Sr(lx) ail (SV(X)>

- ; sr(lx) ail (br agx) B ; sr(IX) 0X; (QYTX)
1

= ; G-(0) ri

The i-th entry of the gradient vector is >, 1/s,(x) - Ay;. This
gives that the gradient is

Vo(x) = Z 1/sy(x)ay = Ade



Properties of the Hessian Proof for Hessian

Hy is positive semi-definite for x € P°
uTHyu = uTATD2Au = [|DxAull3 = 0
i (S i) = San( = ) g (9
8xj Sr(x) T sy (x)? axj "
1
“NA . —— A
; s (x)2

Note that >, A, jA;j = (ATA)iJ-. Adding the additional factors
1/s,(x)? can be done with a diagonal matrix.

Hence the Hessian is
H, = ATD?A
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Properties of the Hessian Proof for Hessian

Hy is positive semi-definite for x € P°
uTHyu = uTATD2Au = [|DxAull3 = 0
0 1 1 0
.q - o (2 52n) = Zan(- 5 ) (90
This gives that ¢ (x) is convex. 0xj Sr (X) 7 Sr(x) 0x;

1
=N A, A,
; s (x)2

Note that >, A, jA;j = (ATA)iJ-. Adding the additional factors
1/s,(x)? can be done with a diagonal matrix.

Hence the Hessian is
H, = ATD?A
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Properties of the Hessian

Hy is positive semi-definite for x € P°

uTHyu = uTATD2Au = [|DxAull3 = 0

This gives that ¢(x) is convex.

If rank(A)

=mn, Hy is positive definite for x € P°

u"Hyu = |DyAul|3 > 0 foru # 0

Proof for Hessian

o (2 5 21) = Zni( = 5 g ()
=§Arisr(lx)214rj

Note that >, A, jA;j = (ATA)iJ-. Adding the additional factors
1/s,(x)? can be done with a diagonal matrix.

Hence the Hessian is
H, = ATD?’A

T
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Properties of the Hessian

Hy is positive semi-definite for x € P°

uTHyu = uTATD2Au = [|DxAull3 = 0

This gives that ¢(x) is convex.

If rank(A)

=mn, Hy is positive definite for x € P°

u"Hyu = |DyAul|3 > 0 foru # 0

This gives that ¢ (x) is strictly convex.

Proof for Hessian

o (2 5 21) = Zni( = 5 g ()
=;Arisr(lx)214rj

Note that >, A, jA;j = (ATA)iJ-. Adding the additional factors
1/s,(x)? can be done with a diagonal matrix.

Hence the Hessian is
H, = ATD?’A

T
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Properties of the Hessian Proof for Hessian

Hy is positive semi-definite for x € P°
uTHyu = uTATD2Au = [|DxAull3 = 0
0 1 1 0
.q - o (S 5An) = (—*z)-*(fr“”)
This gives that ¢ (x) is convex. 0xj Sr (X) 7 sr(x) 0x;
=24

Note that >, A, jA;j = (ATA)iJ-. Adding the additional factors
1/s,(x)? can be done with a diagonal matrix.

s, (x)2
If rank(A) = n, Hy is positive definite for x € P°

u"Hyu = |DyAul|3 > 0 foru # 0

This gives that ¢ (x) is strictly convex. Seran e [Hesehan e

Hy = ATD’A
lullg, := VvulHyu is a (semi-)norm; the unit ball w.r.t. this norm
is an ellipsoid.
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Dikin Ellipsoid

Ex={y|(y-x)THy(y-x)<1}={y |y -xlu, <1}

Properties of the Hessian

Hy is positive semi-definite for x € P°
u'Hyu = uTATD2Au = |[DxAull3 = 0

This gives that ¢(x) is convex.

If rank(A) = n, Hy is positive definite for x € P°
u"Hyu = |DxAull3 > 0 for u = 0
This gives that ¢ (x) is strictly convex.
lullpg, := VvulHyu is a (semi-)norm; the unit ball w.r.t. this norm
is an ellipsoid.
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Dikin Ellipsoid

Ex={y|(y-x)THy(y-x)<1}={y |y -xlu, <1}

Points in E, are feasible!!

(v —x)THy(y — x)

Properties of the Hessian

Hy is positive semi-definite for x € P°
uTHyu = uTATD2Au = |[DxAull3 = 0

This gives that ¢(x) is convex.

If rank(A) = n, Hy is positive definite for x € P°
u"Hyu = |DxAull3 > 0 for u = 0
This gives that ¢ (x) is strictly convex.
lullpg, := VvulHyu is a (semi-)norm; the unit ball w.r.t. this norm
is an ellipsoid.
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Dikin Ellipsoid

Ex={y|(y-x)THy(y-x)<1}={y |y -xlu, <1}

Points in E, are feasible!!

(v =x)THy(y = x) = (v = x)TATD2A(y — x)

Properties of the Hessian

Hy is positive semi-definite for x € P°
uTHyu = uTATD2Au = |[DxAull3 = 0

This gives that ¢(x) is convex.

If rank(A) = n, Hy is positive definite for x € P°
u"Hyu = |DxAull3 > 0 for u = 0
This gives that ¢ (x) is strictly convex.
lullpg, := VvulHyu is a (semi-)norm; the unit ball w.r.t. this norm
is an ellipsoid.
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Dikin Ellipsoid Properties of the Hessian

Hy is positive semi-definite for x € P°

Ey = {)’ | ()’—X)THX()’ -x) <1} = {)’ | Hy _X”HX <1} uTHxM _ 'I/LTATD)ZCA'I/L _ ||DXA1/LH% >0

This gives that ¢(x) is convex.
Points in E, are feasible!!

(v =x)THx(y = x) = (¥ = x)TATDRA(y - x) If rank(A) = n, Hy is positive definite for x € P°

Zo(af (y —x))?
=2 5;(x)2 u"Hyu = |DxAull3 > 0 for u = 0
i-1

This gives that ¢ (x) is strictly convex.

lullpg, := VvulHyu is a (semi-)norm; the unit ball w.r.t. this norm
is an ellipsoid.
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Dikin Ellipsoid

Ex={y|(y-x)THy(y-x)<1}={y |y -xlu, <1}

Points in E, are feasible!!

(v - x)THX(y —x)=(y-x)TATD2A(y - x)
(al (y —x))?
_ Z a; y - x))”

si(x)?

i=1
% (change of distance to i-th constraint going from x to y)?

= (distance of x to i-th constraint)?

.

Properties of the Hessian

Hy is positive semi-definite for x € P°

u'Hyu = uTATD2Au = |[DxAull3 = 0

This gives that ¢(x) is convex.

If rank(A) = n, Hy is positive definite for x € P°

u"Hyu = |DxAull3 > 0 for u = 0

This gives that ¢ (x) is strictly convex.

lullpg, := VvulHyu is a (semi-)norm; the unit ball w.r.t. this norm
is an ellipsoid.
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Dikin Ellipsoid
Ex={y|(y-x)THy(y-x)<1}={y |y -xlu, <1}

Points in E, are feasible!!

(v - x)THX(y —x)=(y-x)TATD2A(y - x)
(al (y —x))?
_ Z a; y - x))”

si(x)?

(change of distance to i-th constraint going from x to y)?

[l
M§:

(distance of x to i-th constraint)?

IA
—_

Properties of the Hessian

Hy is positive semi-definite for x € P°

u'Hyu = uTATD2Au = |[DxAull3 = 0

This gives that ¢(x) is convex.

If rank(A) = n, Hy is positive definite for x € P°

u"Hyu = |DxAull3 > 0 for u = 0

This gives that ¢ (x) is strictly convex.

lullpg, := VvulHyu is a (semi-)norm; the unit ball w.r.t. this norm
is an ellipsoid.
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Dikin Ellipsoid
Ex={y|(y-x)THy(y-x)<1}={y |y -xlu, <1}

Points in E, are feasible!!

(v - x)THX(y —x)=(y-x)TATD2A(y - x)
(al (y —x))?
- Z W

(change of distance to i-th constraint going from x to y)?
(distance of x to i-th constraint)?

IA Il
- IM§:

In order to become infeasible when going from x to v one of the
terms in the sum would need to be larger than 1.

Properties of the Hessian

Hy is positive semi-definite for x € P°

u'Hyu = uTATD2Au = |[DxAull3 = 0

This gives that ¢ (x) is convex.

If rank(A) = n, Hy is positive definite for x € P°

u"Hyu = |DxAull3 > 0 for u = 0

This gives that ¢ (x) is strictly convex.

lullpg, := VvulHyu is a (semi-)norm; the unit ball w.r.t. this norm
is an ellipsoid.
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Dikin Ellipsoids

f\hg

Dikin Ellipsoid
Ex={y|(y-x)THy(y-x)<1}={y |y -xlu, <1}

Points in E, are feasible!!!

(v -x)THye(y —x) = (y —x)TATD2A(y — x)

(a] (y — x))?
si(x)?

I
[M]

1

.
Il

(change of distance to i-th constraint going from x to y)?
(distance of x to i-th constraint)?

I
Mz

IA
-

In order to become infeasible when going from x to y one of the
terms in the sum would need to be larger than 1.

T
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Analytic Center Dikin Ellipsoids

Xac 1= argmin,.cp. ¢p(x) 1

AN

¥

> Xac is solution to

T
- E

N

AN

— d
Vo(x) = —a; =0
=EE / ( A
4
el

» depends on the description of the polytope / ,.»/ A

A
. . . e o o T 4
> Xac exists and is unique iff P° is nonempty and bounded /
|
B 4
.
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Central Path

In the following we assume that the LP and its dual are strictly
feasible and that rank(A) = n.
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Analytic Center

Xac i= argmin,.cp. $(x)

> Xac is solution to

LS|
V(x)=> ——a;=0
o silx)

» depends on the description of the polytope

> Xac exists and is unique iff P° is nonempty and bounded
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Central Path

In the following we assume that the LP and its dual are strictly
feasible and that rank(A) = n.

Central Path:
Set of points {x*(t) | t > 0} with

x*(t) = argmin, {tcTx + ¢p(x)}
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Analytic Center

Xac i= argmin,.cp. $(x)

> Xac is solution to

LS|
V(x)=> ——a;=0
o silx)

» depends on the description of the polytope

> Xac exists and is unique iff P° is nonempty and bounded
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Central Path

In the following we assume that the LP and its dual are strictly
feasible and that rank(A) = n.

Central Path:
Set of points {x*(t) | t > 0} with

x*(t) = argmin, {tcTx + ¢p(x)}

» t = 0: analytic center

> t = oo: optimum solution

x*(t) exists and is unique for all £ > 0.
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Analytic Center

Xac 1= argmin, cp. ¢p(x)

> Xac is solution to

LS|
V(x)=> ——a;=0
o silx)

» depends on the description of the polytope

> Xac exists and is unique iff P° is nonempty and bounded
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Different Central Paths Central Path

y
T | In the following we assume that the LP and its dual are strictly
[ feasible and that rank(A) = n.

j
| Central Path:
) Set of points {x*(t) | t > 0} with
//

_—
{C

7
* _ : T
f - x*(t) = argmin, {fc' x + ¢p(x)}
‘/ > X
(- / » t = 0: analytic center
/ > ¢ = oo: optimum solution
L

| ] | | \

| i x*(t) exists and is unique for all t > 0.
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Central Path

Intuitive Idea:
Find point on central path for large value of t. Should be close to
optimum solution.

Questions:
> Is this really true? How large a t do we need?
» How do we find corresponding point x*(t) on central path?
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Different Central Paths
y

i A * }
\ L
f{/ / .
7 X
o/ /
/ -
ey P\
| |
I I
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The Dual Central Path

primal-dual pair:
Intuitive Idea:
5T Find point on central path for large value of t. Should be close to
max —-b'z

min c’x optimum solution.
st. ATz+c¢c=0
s.t. Ax<b .
z=0 Questions:

» Is this really true? How large a t do we need?
» How do we find corresponding point x*(t) on central path?

Assumptions
» primal and dual problems are strictly feasible;

» rank(A) = n.
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Force Field Interpretation The Dual

primal-dual pair:

Point x* (t) on central path is solutionto tc + V¢ (x) =0

: . : : — max —blz
» We can view each constraint as generating a repelling force. min c'x T
The combination of these forces is represented by V¢ (x). st. Ax <b st. Alz+c=0
- ) . = z=0
» In addition there is a force tc pulling us towards the

optimum solution.

Assumptions

» primal and dual problems are strictly feasible;
» rank(A) = n.
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How large should t be?

Point x* (t) on central path is solution to tc + V¢ (x) = 0.

Force Field Interpretation

Point x*(t) on central path is solution to tc + V¢ (x) =0

» We can view each constraint as generating a repelling force.

The combination of these forces is represented by V¢ (x).

» In addition there is a force tc pulling us towards the
optimum solution.
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How large should t be?

Point x* (t) on central path is solution to tc + V¢ (x) = 0.

This means

tc +

m

2.

i=1

I
s ()T

0

Force Field Interpretation

Point x*(t) on central path is solution to tc + V¢ (x) =0
» We can view each constraint as generating a repelling force.
The combination of these forces is represented by V¢ (x).

» In addition there is a force tc pulling us towards the
optimum solution.
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How large should t be?

Point x* (t) on central path is solution to tc + V¢ (x) = 0.

This means
m

1
tc+ > ————a; =0
Zl siGes()
or

m
1
c+ > zF(a; =0 with zf(t) = —————
el ' tsi(x*(t))

Force Field Interpretation

Point x*(t) on central path is solution to tc + V¢ (x) =0

» We can view each constraint as generating a repelling force.
The combination of these forces is represented by V¢ (x).

» In addition there is a force tc pulling us towards the
optimum solution.
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How large should t be? Force Field Interpretation

Point x* (t) on central path is solution to tc + V¢ (x) = 0.

This means
m 1
tc+ Z — o ai=0 Point x*(t) on central path is solution to tc + V¢ (x) =0
& si(x* (1)
or » We can view each constraint as generating a repelling force.
1 The combination of these forces is represented by V¢ (x).
c+ > zf(tha; =0 with zf(t) = ———— P vYE
ia tsi(x*(t)) » In addition there is a force tc pulling us towards the

optimum solution.
» z*(t) is strictly dual feasible: (ATz* + ¢ = 0; z* > 0)
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How large should t be? Force Field Interpretation

Point x* (t) on central path is solution to tc + V¢ (x) = 0.

This means
m 1
tc+ Z — o ai=0 Point x*(t) on central path is solution to tc + V¢ (x) =0
S si(x* (D)
or » We can view each constraint as generating a repelling force.
m L .
1 The combination of these forces is represented by V¢ (x).
c+ > zf(tha; =0 with zf(t) = ———— P vYE
ia tsi(x*(t)) » In addition there is a force tc pulling us towards the

optimum solution.
» z*(t) is strictly dual feasible: (ATz* + ¢ = 0; z* > 0)

» duality gap between x := x*(t) and z := z*(t) is

cIx+bTz=(-Ax)Tz= %
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How large should t be?

Point x* (t) on central path is solution to tc + V¢ (x) = 0.

This means
m

1
tc+ > ————a; =0
Zl siGes()
or

m
1
c+ > zF(a; =0 with zf(t) = —————
el ' tsi(x*(t))

» z*(t) is strictly dual feasible: (ATz* + ¢ = 0; z* > 0)

» duality gap between x := x*(t) and z := z*(t) is

cIx+bTz=(-Ax)Tz= %

» if gap is less than 1/2%%) we can snap to optimum point

Force Field Interpretation

Point x*(t) on central path is solution to tc + V¢ (x) =0
» We can view each constraint as generating a repelling force.
The combination of these forces is represented by V¢ (x).

» In addition there is a force tc pulling us towards the
optimum solution.
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How to find x* (t) How large should t be?

Point x* (t) on central path is solution to tc + V¢ (x) = 0.

This means
& 1
First idea: fes l:zl Si(X*(t))ai =0
» start somewhere in the polytope or -
> use iterative method (Newtons method) to minimize @ 4 Z Zi*(t)ai =0 with Zl?“(t) = ts(xlw
fr(x) :=tcTx + p(x) 0 ;

» z*(t) is strictly dual feasible: (ATz* + ¢ = 0; z* > 0)
» duality gap between x := x*(t) and z := z*(t) is

cIx+bTz=(-Ax)Tz = %

» if gap is less than 1/29() we can snap to optimum point
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Newton Method

Quadratic approximation of f;

fitx+ ) = fitn) + Vi Te + Leh e

T
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How to find x* (1)

First idea:
» start somewhere in the polytope

» use iterative method (Newtons method) to minimize
fr(x) :=tcTx + p(x)
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Newton Method

Quadratic approximation of f;

fitx+ ) = fitn) + Vi Te + Leh e

Suppose this were exact:

felx +€) = fio0) + Vfilx) e + 2eTHy (o€

T
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How to find x* (1)

First idea:
» start somewhere in the polytope

» use iterative method (Newtons method) to minimize
fr(x) :=tcTx + p(x)
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Newton Method

Quadratic approximation of f;

fitx+ ) = fitn) + Vi Te + Leh e

Suppose this were exact:

felx +€) = fio0) + Vfilx) e + 2eTHy (o€

Then gradient is given by:

Vfi(x +€) =Vfi(x)+Hp(x) - €

T
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How to find x* (1)

First idea:
» start somewhere in the polytope

» use iterative method (Newtons method) to minimize
fr(x) :=tcTx + p(x)
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Newton Method

We want to move to a point where this gradient is 0:

Newton Step at x € P°
Axne = —Hp' (xX)V fe (x)

—Hp' (x)(tc + Ve (x))
—(ATD2A) Y(tc + ATdy)

Newton lteration:
X=X+ AXnt

Newton Method

Quadratic approximation of f;

felx +©) = fio0) + Vfi) e + 2eTHy () €

Suppose this were exact:

1
fr(x +€) = fi(x) + Vfi(x)Te+ EETHft(X) €
Then gradient is given by:

Vft(x+€) =Vfi(x)+Hpf(x) €
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Measuring Progress of Newton Step Newton Method

Newton decrement:

Ar(x) = [IDxAAX ]| We want to move to a point where this gradient is 0:

= llAxntll Newton Step at x € P°

Axne = —Hp' (xX)V fi (x)

- _HJ;tl(x)(tc + V(x))
= —(ATD2A) 1 (tc + ATdy)

Newton Iteration:
X 1= X + AXnt



Measuring Progress of Newton Step

Newton decrement:

At (x) = [[DxAAX |l

= llAxnellHy

Square of Newton decrement is linear estimate of reduction if we
do a Newton step:

At (x)? = Vi ()T Axpe

Newton Method

We want to move to a point where this gradient is 0:

Newton Step at x € P°
Axne = —Hp' (xX)V fi (x)

—H}tl (x)(tc + Vp(x))
—(ATD2A) Y(tc + ATdy)

Newton Iteration:
X 1= X + AXnt



Measuring Progress of Newton Step

Newton decrement:

At (x) = [[DxAAX |l

= llAxnellHy

Square of Newton decrement is linear estimate of reduction if we
do a Newton step:

At (x)? = Vi ()T Axpe

» Ar(x) =0 iff x = x*(t)

» A¢(x) is measure of proximity of x to x™(t)

Newton Method

We want to move to a point where this gradient is 0:

Newton Step at x € P°
Axne = —Hp' (xX)V fi (x)

—H}tl (x)(tc + Vp(x))
—(ATD2A) Y(tc + ATdy)

Newton Iteration:
X 1= X + AXnt



Convergence of Newtons Method Measuring Progress of Newton Step

Newton decrement:

At (x) = [[DxAAX |l

= |Axntllm,
Theorem 55
If A (x) <1 then
> X4 =X+ Axpy € P° (new point feasible) Square of Newton decrement is linear estimate of reduction if we
> Ar(xy) < Ap(x)2 do a Newton step:
This means we have quadratic convergence. Very fast. —At (%)% = Vi 00)T Axne

» Ar(x) =0 iff x = x*(t)

» A:(x) is measure of proximity of x to x™(t)



Convergence of Newtons Method Convergence of Newtons Method

Theorem 55
feasibility: If A (x) < 1 then
» At(x) = lAxntllg, < 1; hence x4 lies in the Dikin ellipsoid > Xi =X+ Axy € P° (new point feasible)

around x. » Ar(xy) < Ap(x)?

This means we have quadratic convergence. Very fast.



Convergence of Newtons Method Convergence of Newtons Method

bound on A;(x7):
we use D := Dy = diag(dy) and D, := Dy+ = diag(dx+)

feasibility:
» Ai(x) = |Axnellg, < 1; hence x lies in the Dikin ellipsoid
around x.



Convergence of Newtons Method Convergence of Newtons Method

bound on A;(x7):
we use D := Dy = diag(dy) and D, := Dy+ = diag(dx+)

Ap(xh)? —
feasibility:

» Ai(x) = |Axnellg, < 1; hence x lies in the Dikin ellipsoid
around x.



Convergence of Newtons Method Convergence of Newtons Method

bound on A;(x7):
we use D := Dy = diag(dy) and D, := Dy+ = diag(dx+)

At(x)? = IDyAAX 1 -
feasibility:

» Ai(x) = |Axnellg, < 1; hence x lies in the Dikin ellipsoid
around x.



Convergence of Newtons Method

bound on A;(x7):
we use D := Dy = diag(dy) and D, := Dy+ = diag(dx+)

At(x)? = IDyAAX 1
< IDLAAXLII? + IDy AAX + (I — DI'D)DAAX |2

Convergence of Newtons Method

feasibility:
» Ai(x) = |Axnellg, < 1; hence x lies in the Dikin ellipsoid
around x.



Convergence of Newtons Method

bound on A;(x7):
we use D := Dy = diag(dy) and D, := Dy+ = diag(dx+)

At(x)? = IDyAAX 1
< IDLAAXLII? + IDy AAX + (I — DI'D)DAAX |2
= | = DI'D)DAAXnI?

Convergence of Newtons Method

feasibility:
» Ai(x) = |Axnellg, < 1; hence x lies in the Dikin ellipsoid
around x.



Convergence of Newtons Method

bound on A;(x7):
we use D := Dy = diag(dy) and D, := Dy+ = diag(dx+)

At(x)? = IDyAAX 1
< IDLAAXLII? + IDy AAX + (I — DI'D)DAAX |2
= | = DI'D)DAAXnI?

To see the last equality we use Pythagoras
lall® + la + bl* = ||b|?

if al (a + b) = 0.

Convergence of Newtons Method

feasibility:
» Ai(x) = |Axnellg, < 1; hence x lies in the Dikin ellipsoid
around x.



Convergence of Newtons Method

DAAXnt

Convergence of Newtons Method

bound on A (x™*):
we use D := D, = diag(dyx) and Dy := Dy+ = diag(d+)

At(x)? = |IDy AAX I
< |IDyAAxLII? + |Dy AAXS + (I — DI'D)DAAX |2
= | = DI'D)DAAXn|?

To see the last equality we use Pythagoras
lall® + la + bl* = |b|?

if al (a + b) = 0.



Convergence of Newtons Method

DAAxn = DA(x' — x)

Convergence of Newtons Method

bound on A (x™*):
we use D := D, = diag(dyx) and Dy := Dy+ = diag(d+)

At(x)? = |IDy AAX I
< |IDyAAxLII? + |Dy AAXS + (I — DI'D)DAAX |2
= | = DI'D)DAAXn|?

To see the last equality we use Pythagoras
lall® + la + bl* = |b|?

if al (a + b) = 0.



Convergence of Newtons Method Convergence of Newtons Method

_ +
DAAxp = DA(X™ — x) bound on A¢(x*):

=D(b - Ax - (b - Ax™)) we use D := D, = diag(dx) and D, := D+ = diag(dy+)

At(x)? = |IDy AAX I
< |IDyAAxLII? + |Dy AAXS + (I — DI'D)DAAX |2
= | = DI'D)DAAXn|?

To see the last equality we use Pythagoras
lall® + la + bl* = |b|?

if al (a + b) = 0.



Convergence of Newtons Method

DAAxn = DA(x' — x)
=D(b-Ax - (b-Ax™"))
=D(D~'T-D;')

Convergence of Newtons Method

bound on A (x™*):
we use D := D, = diag(dyx) and Dy := Dy+ = diag(d+)

At(x)? = |IDy AAX I
< |IDyAAxLII? + |Dy AAXS + (I — DI'D)DAAX |2
= | = DI'D)DAAXn|?

To see the last equality we use Pythagoras
lall® + la + bl* = |b|?

if al (a + b) = 0.



Convergence of Newtons Method

DAAxp = DA(x' — x)
=D(b - Ax — (b — Ax™))
=D(D~'T-D;')
= (I -D:'D)1

Convergence of Newtons Method

bound on A (x™*):
we use D := D, = diag(dyx) and Dy := Dy+ = diag(d+)

At(x)? = |IDy AAX I
< |IDyAAxLII? + |Dy AAXS + (I — DI'D)DAAX |2
= | = DI'D)DAAXn|?

To see the last equality we use Pythagoras
lall® + la + bl* = |b|?

if al (a + b) = 0.



Convergence of Newtons Method

al(a +b)

DAAxp = DA(x' — x)
=D(b - Ax — (b — Ax™))
=D(D~'T-D;')
= (I -D:'D)1

Convergence of Newtons Method

bound on A (x™*):
we use D := D, = diag(dyx) and Dy := Dy+ = diag(d+)

At(x)? = |IDy AAX I
< |IDyAAxLII? + |Dy AAXS + (I — DI'D)DAAX |2
= | = DI'D)DAAXn|?

To see the last equality we use Pythagoras
lall® + la + bl* = |b|?

if al (a + b) = 0.



Convergence of Newtons Method

DAAxp = DA(x' — x)
=D(b - Ax — (b — Ax™))
=D(D~'T-D;')
= (I -D:'D)1

al(a +b)

= AxaATD, (D4 AAx + (I - DY'D)DAAXy )

Convergence of Newtons Method

bound on A (x™*):
we use D := D, = diag(dyx) and Dy := Dy+ = diag(d+)

At(x)? = |IDy AAX I
< |IDyAAxLII? + |Dy AAX + (I — DI'D)DAAX |2
= | = DI'D)DAAXn||?

To see the last equality we use Pythagoras
lall® + la + bl* = |b|?

if al (a + b) = 0.



Convergence of Newtons Method

DAAxp = DA(x' — x)
=D(b - Ax — (b — Ax™))
=D(D~'T-D;')
= (I -D:'D)1

al(a+Db)
= AxaATD, (D4 AAx + (I - DY'D)DAAXy )
= Axd (ATD2 AAXG, — ATD2AAx¢ + ATD DAAXn)

Convergence of Newtons Method

bound on A (x™*):
we use D := D, = diag(dyx) and Dy := Dy+ = diag(d+)

At(x)? = |IDy AAX I
< |IDyAAxLII? + |Dy AAX + (I — DI'D)DAAX |2
= | = DI'D)DAAXn||?

To see the last equality we use Pythagoras
lall® + la + bl* = |b|?

if al (a + b) = 0.



Convergence of Newtons Method
DAAxny = DA(x™ — x)
=D(b - Ax — (b — Ax™))
=D(D~'T-D;')
= (I -D:'D)1

al(a+Db)
= AxaATD, (D4 AAx + (I - DY'D)DAAXy )
= Axd (ATD2 AAXG, — ATD2AAx¢ + ATD DAAXn)
= Axp! (H  Axg — HAxn + ATD, T - ATDT)

Convergence of Newtons Method

bound on A (x™*):
we use D := D, = diag(dyx) and Dy := Dy+ = diag(d+)

At(x)? = |IDy AAX I
< |IDyAAxLII? + |Dy AAX + (I — DI'D)DAAX |2
= | = DI'D)DAAXn||?

To see the last equality we use Pythagoras
lall® + la + bll* = |b|?

if al (a + b) = 0.



Convergence of Newtons Method
DAAxny = DA(x™ — x)
=D(b-Ax — (b - Ax™"))
=D(D~'T-D;')
= (I -D:'D)1

al(a+Db)
= AxaATD, (D4 AAx + (I - DY'D)DAAXy )
= Axd (ATD2 AAXG, — ATD2AAx¢ + ATD DAAXn)
= Axp! (H  Axg — HAxn + ATD, T - ATDT)
= AT (= V) + V) + Vb (xT) - V(x))

Convergence of Newtons Method

bound on A (x™*):
we use D := D, = diag(dyx) and Dy := Dy+ = diag(d+)

At(x)? = |IDy AAX I
< |IDyAAxLII? + |Dy AAX + (I — DI'D)DAAX |2
= | = DI'D)DAAXn||?

To see the last equality we use Pythagoras
lall® + la + bll* = |b|?

if al (a + b) = 0.



Convergence of Newtons Method

DAAxp = DA(x' — x)
=D(b - Ax — (b — Ax™))
=D(D~'T-D;')
= (I -D:'D)1

al(a+Db)
= AxaATD, (D4 AAx + (I - DY'D)DAAXy )
= Axd (ATD2 AAXG, — ATD2AAx¢ + ATD DAAXn)
= Axp! (H  Axg — HAxn + ATD, T - ATDT)
= AT (= V) + V) + Vb (xT) - V(x))
=0

Convergence of Newtons Method

bound on A (x™*):
we use D := D, = diag(dyx) and Dy := Dy+ = diag(d+)

At(x)? = |IDy AAX I
< |IDyAAxLII? + |Dy AAX + (I — DI'D)DAAX |2
= | = DI'D)DAAXn||?

To see the last equality we use Pythagoras
lall® + la + bll* = |b|?

if al (a + b) = 0.



Convergence of Newtons Method Convergence of Newtons Method

— + _
bound on A;(x*): DAAxn = DA(Xx™ — x)

we use D := D, = diag(dy) and D, := Dy+ = diag(d+) =D(b-Ax — (b - Ax™"))
=D(D~'1T-D;')
At(x™)? = IDyAAX L |I? = (I-D;'D)I

< IDLAAxLI? + |DyAAX] + (I — DI'D)DAAX ||
= |(I - DI'D)DAAX |1
al(a+b)

= AxiTATD, (D4 AAxf + (I - DY'D)DAAXy )

= Axid (ATD2 AAXG, — ATD2AAXG + ATD DAAXn)
= AxT (Hi Axg — HAxne + ATD, T - ATDT)

= A (= Vfe(x) + Vfi(x) + V(xT) -~ Vob(x))
=0



Convergence of Newtons Method Convergence of Newtons Method

— + _
bound on A;(x*): DAAxn = DA(Xx™ — x)

we use D := D, = diag(dy) and D, := Dy+ = diag(d+) =D(b-Ax — (b - Ax™"))
=D(D~'1T-D;')
At(x™)? = IDyAAX L |I? = (I-D;'D)I

< IDLAAxLI? + |DyAAX] + (I — DI'D)DAAX ||

= I = DI'D)DAAX1?

= | - DI'D)*1|)? a’(a +Db)
= AxiTATD, (D4 AAxf + (I - DY'D)DAAXy )
= Axid (ATD2 AAXG, — ATD2AAXG + ATD DAAXn)
= AxT (Hi Axg — HAxne + ATD, T - ATDT)
= AertT( - Vfi(xT) + Vfi(x) + Vp(x™) - v¢(x))
-0



Convergence of Newtons Method Convergence of Newtons Method

— + _
bound on A;(x*): DAAxn = DA(Xx™ — x)

we use D := D, = diag(dy) and D, := Dy+ = diag(d+) =D(b-Ax — (b - Ax™"))
=D(D~'1T-D;')
At(x™)? = IDyAAX L |I? = (I-D;'D)I

< IDLAAxLI? + |DyAAX] + (I — DI'D)DAAX ||

= I = DI'D)DAAX1?

= | - DI'D)*1|)? a’(a +Db)

< |[(I-D'D)T|* = AxiTATD, (D4 AAxf + (I - DY'D)DAAXy )
= Axid (ATD2 AAXG, — ATD2AAXG + ATD DAAXn)
= AxT (Hi Axg — HAxne + ATD, T - ATDT)
= AertT( - Vfi(xT) + Vfi(x) + Vp(x™) - v¢(x))
-0



Convergence of Newtons Method Convergence of Newtons Method

— + _
bound on A;(x*): DAAxn = DA(Xx™ — x)

we use D := D, = diag(dy) and D, := Dy+ = diag(d+) =D(b-Ax — (b - Ax™"))
=D(D~'1T-D;')
At(x™)? = IDyAAX L |I? = (I-D;'D)I

< IDLAAxLI? + |DyAAX] + (I — DI'D)DAAX ||
= |(I - DI'D)DAAX |1

= (I - DY'D)?1? a’(a+b)
< |- D'D)T|* = AxiTATD, (D4 AAxf + (I - DY'D)DAAXy )
= IDAAXqI* = Ax;T (ATD2 AAX — ATD2AAX + ATD4DAAX )

= AxT (Hi Axg — HAxne + ATD, T - ATDT)
= Axpl (= VA (X)) + Vfi(x) + V(x™) - Vi(x))
-0



Convergence of Newtons Method Convergence of Newtons Method

— + _
bound on A;(x*): DAAxn = DA(Xx™ — x)

we use D := D, = diag(dy) and D, := Dy+ = diag(d+) =D(b-Ax — (b - Ax™"))
=D(D~'1T-D;')
At(x™)? = IDyAAX L |I? = (I-D;'D)I

< IDLAAxLI? + |DyAAX] + (I — DI'D)DAAX ||
= |(I - DI'D)DAAX |1

= (I - DY'D)?1? a’(a+b)

< U -DD)T|4 = AxiTATD, (D4 AAxf + (I - DY'D)DAAXy )

= IDAAXqI* = Ax;T (ATD2 AAX — ATD2AAX + ATD4DAAX )
= Ar(x)?

= AxT (Hi Axg — HAxne + ATD, T - ATDT)

The second inequality follows from >; v < (3; y2)° = AXthT( = Vfi(x") + Vfi(x) + Vp(xT) - V¢(X)>
=0



If A;(x) is large we do not have a guarantee.

Try to avoid this case!!!

Convergence of Newtons Method

bound on A;(x7):
we use D := Dy = diag(dyx) and D := D+ = diag(dx+)

At(x*)? = Dy AAXI?
< |ID+AAXLI? + [ID+AAX + (I — D7'D)DAAX |2
= |(I - D{'D)DAAXn 1
= (I - Dy'D)*1|?
< |d-Di'D)I|*
= [[DAAX||*
= Ar(x)*

The second inequality follows from >; v < (Ziyiz)2

T
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Path-following Methods

Try to slowly travel along the central path. If A, (x) is large we do not have a guarantee.

Algorithm 1 PathFollowing

1: start at analytic center

2: while solution not good enough do

3: make step to improve objective function
4 recenter to return to central path

Try to avoid this case!!!
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Short Step Barrier Method Path-following Methods

simplifying assumptions:

> afirst central point x™ (o) is given Try to slowly travel along the central path.
» x*(t) is computed exactly in each iteration
Algorithm 1 PathFollowing
€ is approximation we are aiming for 1: start at analytic center
2: while solution not good enough do
start at t = tg, repeat until m/t <e 3: make step to improve objective function
» compute x*(ut) using Newton starting from x*(t) 4: recenter to return to central path

» t:=ut
where py=1+1/(2/m)



Short Step Barrier Method

gradient of f;+ at (x = x*(t))

V fi+(x)

Vfi(x) + (u—1Dtc
—(u-1ATD, 1

This holds because 0 = Vf;(x) = tc + ATD,1.

The Newton decrement is

Ap+ (x)?

Short Step Barrier Method

simplifying assumptions:
» a first central point x*(tg) is given
» x*(t) is computed exactly in each iteration

€ is approximation we are aiming for

start at t = tg, repeat until m/t < e
» compute x*(ut) using Newton starting from x* (t)
> = ut

where uy=1+1/(2y/m)



Short Step Barrier Method

gradient of f;+ at (x = x*(t))

Vfi+(x) = Vfi(x)+ (u—-1tc
= —(u-1ATDx1

This holds because 0 = Vf;(x) = tc + ATD,1.

The Newton decrement is

Aer ()2 = Ve () THIV fi+ (x)

Short Step Barrier Method

simplifying assumptions:
» a first central point x*(tg) is given
» x*(t) is computed exactly in each iteration

€ is approximation we are aiming for

start at t = tg, repeat until m/t < e
» compute x*(ut) using Newton starting from x* (t)
> = ut

where uy=1+1/(2y/m)



Short Step Barrier Method Short Step Barrier Method

gradient of f;+ at (x = x*(t))

Vfie(x) = Vfi(x) + (u—1tc simplifying assumptions:
= —(u—-1ATD, T » a first central point x* (to) is given

» x*(t) is computed exactly in each iteration

This holds because 0 = Vf;(x) = tc + ATD,1.

€ is approximation we are aiming for
The Newton decrement is

Aﬁ(x)z — VS (x)TH’]Vfﬁ(x) start at t = tg, repeat until m/t < e

 (u-1)21TB(BTB)"'BTT B =DIA » compute x*(ut) using Newton starting from x* (t)

> = ut
where uy=1+1/(2y/m)



Short Step Barrier Method Short Step Barrier Method

gradient of f;+ at (x = x*(t))

Vfie(x) = Vfi(x) + (u—1tc simplifying assumptions:
= —(u—-1ATD, T » a first central point x* (to) is given

» x*(t) is computed exactly in each iteration

This holds because 0 = Vf;(x) = tc + ATD,1.

€ is approximation we are aiming for
The Newton decrement is

At+(x)2 — Vi (x)TH’]Vfﬁ(x) start at t = tg, repeat until m/t < e

= (u-1)1TB(BTB)"'BTT B =DIA
<(u-1)°m

» compute x*(ut) using Newton starting from x* (t)
> = ut
where uy=1+1/(2y/m)



Short Step Barrier Method

gradient of f;+ at (x = x*(t))

Vfi+(x) = Vfi(x)+ (u—-1tc
—(u—-1ATD, I

This holds because 0 = Vf;(x) = tc + ATD,1.

The Newton decrement is
A+ (x)% = Ve 0O)TH IV fi+ (x)
= (u-1)1TB(BTB)"'BTT B =DIA
<(u-1)°m
=1/4

This means we are in the range of quadratic convergence!!!

Short Step Barrier Method

simplifying assumptions:
» a first central point x*(tg) is given
» x*(t) is computed exactly in each iteration

€ is approximation we are aiming for

start at t = tg, repeat until m/t < e
» compute x*(ut) using Newton starting from x* (t)
> = ut

where uy=1+1/(2y/m)



Number of Iterations Short Step Barrier Method

R _ Ak
the number of Newton iterations per outer gradient of fi- at (x = x* (1))

iteration is very small; in practise only 1 or 2 Vi (x) = VI(x) + (u—1)tc

Number of outer iterations: = —(u—1)ATD,1

We need ty = uXto = m/e. This holds when .
This holds because 0 = Vfi(x) = tc + ATD,1.

_ log(m/(eto))

log(u) The Newton decrement is
W Cound of Ap+ (%) = Vs ) TH IV fie (x)
t . .
¢ get aboundo o(fl m = (u-11"B(BTB)" BT B =DlA
mlog —
get()) <(u-1)°m
=1/4

We show how to get a starting point with to = 1/2L. Together
with € ~ 2L we get O(L./m) iterations. This means we are in the range of quadratic convergence!!!
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Damped Newton Method

For x € P° and direction v # O define

Observation:

T
i

si(x)

Ox (V) 1= max
1

x+oveP forxe{0,1/ox(v)}

T
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Number of Iterations

the number of Newton iterations per outer
iteration is very small; in practise only 1 or 2

Number of outer iterations:
We need ty = uXto = m/e. This holds when

_ log(m/(eto))
log(u)

We get a bound of
(9<\/mlog ﬂ)
€ty

We show how to get a starting point with to = 1/2L. Together
with € =~ 2L we get O(L./m) iterations.
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Damped Newton Method
Suppose that we move from x to x + xv. The linear estimate
says that f; (x) should change by V f; (x)T aw.

The following argument shows that f; is well behaved. For small
o the reduction of f;(x) is close to linear estimate.
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Damped Newton Method

For x € P° and direction v = 0 define

alv

ox (V) := m?x 5100)

Observation:

x+oveP forxe{0,1/ox(v)}
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Damped Newton Method

Suppose that we move from x to x + xv. The linear estimate
says that f; (x) should change by V f; (x)T aw.

The following argument shows that f; is well behaved. For small
o the reduction of f;(x) is close to linear estimate.

fi(x +ov) = fi(x) =tcTav + p(x + av) — Pp(x)
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Damped Newton Method

For x € P° and direction v = 0 define

alv

ox (V) := mlax 5100)

Observation:

x+oveP forxe{0,1/ox(v)}
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Damped Newton Method

Suppose that we move from x to x + xv. The linear estimate
says that f; (x) should change by V f; (x)T aw.

The following argument shows that f; is well behaved. For small
o the reduction of f;(x) is close to linear estimate.

fi(x +ov) = fi(x) =tcTav + p(x + av) — Pp(x)

B(x + av) — P(x) = = > log(si(x + av)) + > log(si(x))
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Damped Newton Method

For x € P° and direction v = 0 define

alv

ox (V) := mlax 5100)

Observation:

x+oveP forxe{0,1/ox(v)}
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Damped Newton Method

Suppose that we move from x to x + xv. The linear estimate
says that f; (x) should change by V f; (x)T aw.

The following argument shows that f; is well behaved. For small
o the reduction of f;(x) is close to linear estimate.

fi(x +ov) = fi(x) =tcTav + p(x + av) — Pp(x)

P(x + av) — p(x)

— > log(si(x + aw)) + > log(si(x))
— > log(si(x + aw) /si(x))

T

EADS Il
Harald Racke

10 Karmarkars Algorithm
249/569

Damped Newton Method

For x € P° and direction v = 0 define

alv

ox (V) := mlax 5100)

Observation:

x+oveP forxe{0,1/ox(v)}
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Damped Newton Method

Suppose that we move from x to x + xv. The linear estimate
says that f; (x) should change by V f; (x)T aw.

The following argument shows that f; is well behaved. For small
o the reduction of f;(x) is close to linear estimate.

fi(x +ov) = fi(x) =tcTav + p(x + av) — Pp(x)

P(x + av) — p(x)

= log(si(x + av)) + > log(si(x))
— > log(si(x + aw) /si(x))
— > log(1 - al aw /s;(x))

T
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Damped Newton Method

For x € P° and direction v = 0 define

alv

ox (V) := mlax 5100)

Observation:

x+oveP forxe{0,1/ox(v)}
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Damped Newton Method

Define w; = al.Tv/si(x) and o = max; w;.

Damped Newton Method

Suppose that we move from x to x + xv. The linear estimate
says that f;(x) should change by V f; (x) T av.

The following argument shows that f; is well behaved. For small
o the reduction of f;(x) is close to linear estimate.

filx +ov) — fi(x) = tcTav + p(x + av) — Pp(x)

P(x + av) — p(x)

— > Jog(si(x + aw)) + > log(si(x))
= > log(si(x + aw) /si(x))
- > log(1 - al aw/si(x))
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Damped Newton Method Damped Newton Method

Suppose that we move from x to x + xv. The linear estimate
T
Define w; = aZv/s;(x) and o = max;w;. Then says that f;(x) should change by V f; (x)T ocw.

The following argument shows that f; is well behaved. For small

fi(x + ov) = fi(x) = Vfi(x) o « the reduction of f;(x) is close to linear estimate.

=— Zi(awi +log(1 — cxwy))
filx +ov) — fi(x) = tcTav + p(x + av) — Pp(x)

P(x + av) — p(x)

— > Jog(si(x + aw)) + > log(si(x))
= > log(si(x + aw) /si(x))
- > log(1 - al aw/si(x))
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Damped Newton Method

Define w; = al.Tv/si(x) and 0 = max; w;. Then

fr(x +av) - fi(x) = Vfix)Tov

IA

— Zi(awi + log(1 — oxwy))

— > (ow; +log(l — awy)) + >

w;>0

w;<0

2

o<w.2

2

1

Damped Newton Method

Suppose that we move from x to x + xv. The linear estimate
says that f;(x) should change by V f; (x) T av.

The following argument shows that f; is well behaved. For small
o the reduction of f;(x) is close to linear estimate.

frix +av) — fi(x) =tcTav + P (x + av) — p(x)

P(x + av) — Pp(x)

— > Jog(si(x + aw)) + > log(si(x))
— > og(s;(x + aw) /si(x))
- > log(1 - al av/s;(x))
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Damped Newton Method

Define w; = a/

v/si(x) and o = max; w;. Then

fr(x +av) - fi(x) = Vfix)Tov

IA

IA

- Zi(awi +log(1 — axw;))

2. 2
- Z (xw; +1og(1 — axw;)) + Z o<2wL
w;>0 w;<0
w? (xo)?
- > (a0 +1og(1 - o)) + 5 >
w;i>0 o w;<0

2
wi

0-2

Damped Newton Method

Suppose that we move from x to x + xv. The linear estimate
says that f;(x) should change by V f; (x) T av.

The following argument shows that f; is well behaved. For small
o the reduction of f;(x) is close to linear estimate.

frix +av) — fi(x) =tcTav + P (x + av) — p(x)

P(x + av) — Pp(x)

— > Jog(si(x + aw)) + > log(si(x))
= > log(si(x + aw) /si(x))
- > log(1 - al av/s;(x))
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Damped Newton Method Damped Newton Method

Define w; = aiTv/si(x) and o = max; w;. Then

N‘F‘N

< - zl Wi ((xa +log(1 — (xa))
7 filx +av) — fr(x) = Vi) av

= Zi((xwi +1log(1 — aw;))

xlw?
< - > (ow; +1log(l — ow;)) + > 5 L
w;>0 w;<0
2 w2
=— > = (cxa+log(1 —(xo)) (0“27) > —=
o
w1>0 w;=0
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Damped Newton Method Damped Newton Method

w?

Define w; = aiTv/si(x) and o = max; w;. Then
< - zi 0—‘2(0«7 +log(1 — (xa))

filx +av) — fr(x) = Vi) av
- Zi(awi +1log(1 — exw;))

1
_?Hvllﬂx ((xcr +log(1 - cxa))

xlw?
< - > (ow; +1log(l — ow;)) + > 5 L
w;>0 w;<0
2 2 2
w; (xo) L
<- > ;(cxa+log(1—a0))+ > > o2
wi>0 w;=<0
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Damped Newton Method Damped Newton Method

w2 Define w; = aiTv/si(x) and o = max; w;. Then
< - Zi —12(0«7 +log(1 — aa))
v fr(x + av) = fi(x) = Vfi(x)Tow

= Zi((xwi +1log(1 — aw;))

1
—;HUH%IX (acr +log(1 - cxa))

oCw?
< = Z (xwj +log(1 — oxwy)) + Z 5 !
Damped Newton Iteration: w;>0 w;<0
2 2 2
In a damped Newton step we choose <- 3 w712<0(0 +log(l — 0(0)) N (xo) s uJi,é
w;>0 o 2 w;<0 o

Xy =X+ ;AX
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Damped Newton Method

Theorem:
In a damped Newton step the cost decreases by at least

At(x) —log(1 + Ar(x))

Damped Newton Method

2
< - Zi %(o«r +log(1 — aa))

1
,ﬁnvllﬁx (o +1og(1 - o))

Damped Newton Iteration:
In a damped Newton step we choose

1

X=X+ -———"AX
- 1 +Ux(AXnt) nt
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Damped Newton Method

for A¢(x) = 0.5

> Ap(x) —log(1 + A¢(x))
> 0.09

Damped Newton Method

Theorem:
In a damped Newton step the cost decreases by at least

At(x) —log(1 + A¢(x))

Proof: The decrease in cost is
-V i) Tv + %IIUIIHX((XU +log(1 — o))

1

Choosing o« = 17 and v = Axy gives
1 » M) o o
1+0At(x)+ o2 1+0+log(1 1+a)
_Ae(x)?

=2 (O’ —log(1 + a))
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Damped Newton Method

for A¢(x) = 0.5

> Ar(x) —log(1 + A¢(x))
> 0.09

Centering Algorithm:
Input: precision §; starting point x

1. compute Axne and A (x)

2. if Aj(x) < 6 return x

3. set x := x + &xAxpt with

1
o = T+0x(AXnt) At = 1/2
1 otw.

Damped Newton Method

Theorem:
In a damped Newton step the cost decreases by at least

At(x) —log(1 + A¢(x))

Proof: The decrease in cost is
-V i) Tv + %IIUIIHX((XU +log(1 — o))

1

Choosing o« = 17 and v = Axy gives
1 » M) o o
1+0At(x)+ o2 1+0+log(1 1+a)
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Centering

Lemma 56
The centering algorithm starting at xo reaches a point with

Ai(x) < 0 after

St (x0) —min, fi(y)

0.09 + O(loglog(1/6))

iterations.

This can be very, very slow...
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Damped Newton Method

> Ar(x) —log(1 + A¢(x))
> 0.09

for A¢(x) = 0.5

Centering Algorithm:
Input: precision ¢; starting point x

1. compute Axpt and A;(x)
2. if Aj(x) < 6 return x

3. set x := X + XAxnt With

1
—_— >
o = T+0x(AXnt) Ap = 1/2
1 otw.
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How to get close to analytic center?

Let P = {Ax < b} be our (feasible) polyhedron, and x( a feasible
point.
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How to get close to analytic center? Centering

Lemma 56
Let P = {Ax < b} be our (feasible) polyhedron, and x( a feasible The centering algorithm starting at xo reaches a point with
point. At(x) < 6 after
We change b — b + 1 - 1, where L = (A) + (b) + (c) (encoding Jt(xo) — miny, f;(y) + Ooglog(1/5))
length) and A = 22L. Recall that a basis is feasible in the old LP 0.09
iff it is feasible in the new LP. iterations.

This can be very, very slow...
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. How to get close to analytic center?
Lemma [without proof]

The inverse of a matrix M can be represented with rational
numbers that have denominators z;; = det(M).

Let P = {Ax < b} be our (feasible) polyhedron, and x( a feasible
point.

We change b — b + % -1, where L = (A) + (b) + (c) (encoding
length) and A = 22L. Recall that a basis is feasible in the old LP
iff it is feasible in the new LP.
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Lemma [without proof]
The inverse of a matrix M can be represented with rational
numbers that have denominators z;; = det(M).

For two basis solutions xg, xj, the cost-difference c¢'xp — ¢’ x;
can be represented by a rational number that has denominator
z = det(Ap) - det(Ap) - A.
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Lemma [without proof]
The inverse of a matrix M can be represented with rational
numbers that have denominators z;; = det(M).

For two basis solutions xg, xj, the cost-difference c¢'xp — ¢’ x;
can be represented by a rational number that has denominator
z = det(Ap) - det(Ap) - A.

This means that in the perturbed LP it is sufficient to decrease

the duality gap to 1/2%L (i.e., t = 2%L). This means the previous
analysis essentially also works for the perturbed LP.
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Lemma [without proof]
The inverse of a matrix M can be represented with rational
numbers that have denominators z;; = det(M).

For two basis solutions xg, xj, the cost-difference c¢'xp — ¢’ x;
can be represented by a rational number that has denominator
z = det(Ap) - det(Ap) - A.

This means that in the perturbed LP it is sufficient to decrease
the duality gap to 1/2%L (i.e., t = 2%L). This means the previous
analysis essentially also works for the perturbed LP.

For a point x from the polytope (not necessarily BFS) the
objective value ¢’ x is at most n2M2L where M < L is the
encoding length of the largest entry in C.
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How to get close to analytic center?

Start at xo.

Lemma [without proof]
The inverse of a matrix M can be represented with rational
numbers that have denominators z;; = det(M).

For two basis solutions xg, xj, the cost-difference ¢’ xp — cTxp
can be represented by a rational number that has denominator
z = det(Ap) - det(Ap) - A.

This means that in the perturbed LP it is sufficient to decrease
the duality gap to 1/2%L (i.e., t = 2%L). This means the previous
analysis essentially also works for the perturbed LP.

For a point x from the polytope (not necessarily BFS) the
objective value ¢’ x is at most n2M2L where M < L is the
encoding length of the largest entry in C.
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How to get close to analytic center?

Start at xo.

Choose ¢ := -V (x).
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How to get close to analytic center?

Start at xo.
Choose ¢ := -V (x).

x0 = x*(1) is point on central path for ¢ and t = 1.
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How to get close to analytic center?

Start at xo.
Choose ¢ := -V (x).
x0 = x*(1) is point on central path for ¢ and t = 1.

You can travel the central path in both directions. Go towards 0
until t =~ 1/29W0) This requires O(./mL) outer iterations.
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Let x¢ denote this point.
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How to get close to analytic center?

Start at xo.
Choose ¢ := -V (x).
x0 = x*(1) is point on central path for ¢ and t = 1.

You can travel the central path in both directions. Go towards 0
until t =~ 1/29W0) This requires O(./mL) outer iterations.

Let x¢ denote this point.
Let x. denote the point that minimizes
t-clx+¢p(x)

(i.e., same value for t but different c, hence, different central
path).

Lemma [without proof]
The inverse of a matrix M can be represented with rational
numbers that have denominators z;; = det(M).

For two basis solutions xg, xj, the cost-difference ¢’ xp — cTxp
can be represented by a rational number that has denominator
z = det(Ap) - det(Ap) - A.

This means that in the perturbed LP it is sufficient to decrease
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How to get close to analytic center? How to get close to analytic center?

Clearly, Start at xo.

t-ETxe+p(xe) <t-ETxe+ Pp(xe)
Choose ¢ := -V (x).
The different between f; (x¢) and fi(xc) is xo = x*(1) is point on central path for ¢ and ¢t = 1.

You can travel the central path in both directions. Go towards 0
until t = 1/29@0) This requires O(,/mL) outer iterations.

Let x; denote this point.
Let x. denote the point that minimizes
t-clx+¢p(x)

(i.e., same value for t but different c, hence, different central
path).
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Let x; denote this point.
For t = 1/2%(L)) the last term becomes constant. Hence, using
damped Newton we can move from x; to x. quickly. Let x. denote the point that minimizes

t-clx+¢p(x)

(i.e., same value for t but different c, hence, different central
path).
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For t = 1/2%(L)) the last term becomes constant. Hence, using
damped Newton we can move from x; to x. quickly.

In total for this analysis we require @ (,/mL) outer iterations for
the whole algorithm.
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Clearly,
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The different between f;(xz) and f;(x.) is

teTxe + plxe) —teTxe — Pplxe)
<tcTxs+¢Txe —Txs—c
< 4tn23L

TXC)

For t = 1/2%(L)) the last term becomes constant. Hence, using
damped Newton we can move from x; to x. quickly.

In total for this analysis we require @ (,/mL) outer iterations for
the whole algorithm.

One iteration can be implemented in ® (m3) time.

How to get close to analytic center?

Start at xo.
Choose ¢ := -V (x).
xo = x*(1) is point on central path for ¢ and ¢t = 1.

You can travel the central path in both directions. Go towards 0
until t = 1/29@0) This requires O(,/mL) outer iterations.

Let x; denote this point.
Let x. denote the point that minimizes
t-clx+¢p(x)

(i.e., same value for t but different c, hence, different central
path).
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